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1 Introduction 

In this paper we establish a topological rigidity theorem for a large class of subgroups of the 
group Diff‘^(S'^) consisting of (orientation-preserving) real analytic diffeomorphisms of the circle 
S^. Indeed, the primary object studied in this paper are hnitely generated, locally C^-non- 
discrete subgroups of Diff^(S'^). As is often the case, our choice of restricting attention to hnitely 
generated groups of orientation-preserving diffeomorphisms is made only to help us to focus on 
the main difficulties of the problem; straightforward generalizations are left to the reader. On 
the other hand, the regularity assumption (C*^) required from our diffeomorphisms is a far more 
important point, even if it can substantially be weakened in several specihc contexts. Possible 
extensions of our results to, say, smooth diffeomorphisms, will briehy be discussed in the appendix 
of this article. 

A group G C Diff^(S'^) is said to be locally -non-discrete if there is an open, non-empty 
interval I <Z and a sequence gj, gj 7 ^ id for every j G M, of elements in G whose restrictions 
to I converge in the C^-topology to the identity on /; see Section 2 for detail. Concerning these 
groups, for the time being, it suffices to know that they form a rather large class of hnitely 
generated subgroups of Dih“(S'^). After stating the main results of this paper, we shall resume 
the discussion of these groups and provide further information on their nature. 

Recall that two subgroups Gi and G 2 of Dih"^(S'^) are said to be topologically conjugate if 
there is a homeomorphism h : ^ such that G2 = h~^oGioh, i.e. to every element 5 :(i) G Gi 

there corresponds a unique element g(^ 2 ) £ G 2 such that g(^ 2 ) = ° fi'(i) ° h and conversely. Now 

we have: 

Theorem A. Consider two finitely generated non-abelian topologically conjugate subgroups 
Gi and G2 of Dih‘^(S'^). Suppose that these groups are locally G^-non-discrete. Then every 
homeomorphism h : ^ satisfying G2 = h~^ oGioh coincides with an element of Dih‘^(S'^). 

Theorem A answers one of the questions raised in |R4j . When this theorem is combined with 
Theorem 16.31 we also obtain: 
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Theorem B. Suppose that T is a Gnitely generated hyperbolic group which is neither Gnite 
nor a Gnite extension of Z and consider two topologically conjugate faithful representations pi : 
r ^ DifT^(^i) and pa : T ^ Diff‘^(5i) ofT in Assume that Gi = pi(r) C DifT^(5i) 

is locally -non-discrete. Then every (orientation-preserving) homeomorphism h : ^ 

conjugating the representations pi and pa coincides with an element of Diff‘^(S'^). 

The main assumptions of Theorems A and B, namely the fact that our groups are locally 
C^-non-discrete, cannot be dropped. Indeed, counterexamples for the previous statements in the 
context of discrete groups can be obtained in a variety of ways. For example, two cocompact 
representations in PSL (2,M) of the fundamental group of the genus g compact surface {g > 2) 
are always topologically conjugate. However these representations are not C'^-conjugate unless 
they dehne the same point in the Teichmuller space. Similarly a standard Schottky (free) group 
on two generators acting on gives rise to an action that is structural stable in Diff“(S'^). Thus, 
by perturbing the generators inside Diff‘^(S'^), we obtain numerous actions that are topologically 
but not conjugate to the initial Schottky group (cf. [Suj and references therein). 

Theorem B also becomes false if the group T is Z. The classical example due to Arnold 
|Arj of an analytic diffeomorphism of topologically conjugate to an irrational rotation by a 
singular homeomorphism provides an interesting example since the cyclic group generated by an 
irrational rotation clearly verihes the condition of being (locally) C^-non-discrete. Concerning the 
possibility of generalizing Theorems A and B to higher rank abelian groups, the reader is referred 
to the discussions in [Mo] and jY]. On the other hand, by virtue of the work of Kaimanovich 
and his collaborators. Theorem B still holds true for other type of groups including relatively 
hyperbolic ones; cf. |C-Mj and its references. 

The above theorems also have consequences of considerable interest in the theory of secondary 
characteristic classes of (real analytic) foliated F^-bundles. For example, we state: 

Corollary C. Let (Ml, IFi) and (M 2 , ^^ 2 ) be two analytic foliated S^-bundles over a same hyper¬ 
bolic manifold N. Assume that these foliated S^-bundles are topologically conjugate and that 
the holonomy group of is locally non-discrete. Assume moreover that has at least 

one simply connected leaf. Then the Godbillon-Vey classes of (Mi, J^i) and (M 2 , ^^ 2 ) coincide. 

Concerning Corollary C, it is well known that Godbillon-Vey classes are invariant by homeo- 
morphisms that are transversely of class see [TFq . Also, in the case in question, the holonomy 
group Gi C Diff‘^(S'^) associated with the foliation IFi is, by assumption, locally C^-non-discrete. 
Furthermore, since N is hyperbolic and IFi has at least one leaf simply connected, there follows 
that Gi is of hyperbolic type (isomorphic as abstract group to the fundamental group of N). 
Thus Theorem B ensures the transverse regularity of the conjugating homeomorphism. 

The rest of this introduction contains an overview of our approach to the proofs of Theorems A 
and B including the main connections with previous works and some interesting examples. 

Very roughly speaking, the results in this paper are obtained by blending the technique of 
“vector helds in the closure of groups”, developed in [Sh] and |Nlj for subgroups of Diff (C, 0) 
and in EB for subgroups of Diff‘^(S'^), with results related to stationary measures on S^, see 
[DKN-lj . [Anj . |K-Nj and with measure-theoretic boundary theory for groups [Dej . [Kaj . and 
[CFM] . We shall follow a chronological order to explain the various connections between these 
works. 

First, Shcherbakov and Nakai jShj . EB have independently studied the dynamics of non- 
solvable subgroups of Diff (C, 0) and they observed the existence of certain vector helds whose 
local hows were “limits” of actual elements in the pseudogroup (see Section 2 for detail). Slightly 
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later, Ghys [GT] noted that non-solvable subgroups of Diff (C, 0) always contain a non-trivial 
sequence of elements converging to the identity. By analogy with the case of hnite dimensional 
Lie groups, he suggested that the existence of vector helds with similar properties should be 
a far more general phenomenon and he went on to discuss the topological dynamics of the 
corresponding groups on the circle. 

In the case of the circle, the program proposed by Ghys was fairly accomplished in |R1] . In 
this paper, vector helds whose local how is a limit of actual elements in a given group are said 
to belong to the closure of the group (see Section 2 for proper dehnitions). The role of “locally 
non-discrete subgroups of Dih‘^(S'^)” was emphasized and it was shown that these locally non¬ 
discrete subgroups of Dih‘^(S'^) admit non-zero vector helds in their closure. As an application 
of these vector helds, the following theorem was also proved in |R1] : 

Theorem ([Rl]). There exists a neighborhood lA of the identity in Dih‘^(S'^) with the following 
property. Assume that Gi (resp. G 2 ) is a subgroup of Dih‘^(S'^) generated by diffeomorphisms 
gi i,... ,gi^N (resp. 5 ^ 2 , 1 , • • • lying in U. If h : ^ is a homeomorphism satisfying 

92,1 = h~^ ° 91 ,i ° h for every i = 1,..., N, then h coincides with an element of Dih“'(S'^). 

This theorem can be thought of as a local version of Theorem A. In fact, the assumption that 
h takes a generating set formed by elements “close to the identity” to elements that are still 
close to the identity gives the statement in question an intrinsic local character. For example, 
the above theorem from [Rlj is satisfactory for deformations/pertubations problems but falls 
short of answering the same question for general groups admitting generating sets in the hxed 
neighborhood U unless the mentioned sets are, in addition, conjugated by h. This type of 
difficulty was pointed out and discussed in IE] and the method of lEB suggests that these 
rigidity phenomena should hold for general locally non-discrete subgroups o/Diff“^(S'^) (again see 
Section 2 for accurate dehnitions). From here one sees that the main motivation of the present 
work was to clarify these issues. 

It is mentioned in EB that the main example of locally non-discrete subgroups of Diff“'(S'^) 
is provided by non-solvable groups admitting a hnite generating set contained in U C Dih“(5^), 
as follows from Ghys’s results in |Glj . Conversely the main examples of groups that are locally 
discrete are provided by Fuchsian groups. The problem about understanding how the subgroups 
of Dih‘^(S'^) are split in locally discrete and locally non-discrete ones is then unavoidably raised. 

Soon it became clear that locally discrete groups were, indeed, very common (see for example 
|R3] L The problem of hnding locally discrete subgroups of Dih‘^(S'^) beyond the context of 
Fuchsian groups, however, proved to be much harder. Recently, however, much progress has 
been made towards the understanding of the structure of locally discrete groups thanks to the 
works of Deroin, Kleptsyn, Navas, and their collaborators, see |DKN-2j and the survey [DFKN] 
for some up-to-date information. Meanwhile it was also observed in |R5] that the Thompson- 
Ghys-Sergiescu subgroup of Dih°°(S'^) is locally discrete. Whereas this example is only smooth, 
as opposed to real analytic, the observation in question connects with the fundamental notion of 
non-expandable point and this requires a more detailed explanation. 

Fix a group G of diffeomorphisms of S^. A point p G 5^ is said to be expandable (for 
the group G) if there is an element g E G such that \g'{p)\ > 1. Among “large” (e.g. non- 
solvable) subgroups of DifF^(S'^) all of whose orbits are dense, PSL (2, Z) constitutes the simplest 
example of group with a non-expandable point. In turn, it is observed in [R5] that a locally 
non-discrete group all of whose orbits are dense cannot have a non-expandable point (see also 
Lemma 15.2p and this implies the above mentioned conclusion concerning the Thompson-Ghys- 
Sergiescu group. Hence, a method to produce locally discrete groups consists of hnding groups 
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with non-expandable points and this does not depend on whether or not the group arises from 
a Fuchsian group. Very recently, V. Kleptsyn and his collaborators have found free subgroups 
of Diff‘^(S'^) with non-expanding points and which are not conjugate to Fuchsian groups. This 
very interesting result also justihes our Theorem B; note that the groups in question are free 
and hence they are also hyperbolic so that Theorem B applies to them. In other words, they are 
never topologically conjugate to a locally C'^-non-discrete subgroup of Diff‘^(S'^). 

Nonetheless, the full understanding of locally discrete subgroups of Diff‘^(S'^) was not yet 
reached (see |DKN-2] and [DFKNj for further information). To continue our discussion, we 
shall then restrict ourselves to the related problem of understanding “rigidity” of topological 
conjugations between subgroups of Diff“^(S'^) which, ultimately, constitutes the actual purpose 
of this paper. In the sequel, we then consider two topologically conjugate subgroups Gi and G 2 
of DifT^(S'^). Since topological rigidity is targeted, the examples provided in the beginning of 
the introduction indicate that one of the groups, say Gi, should be assumed to be C^-locally 
non-discrete. At this level. Theorem A fully answers the question provided that G 2 is locally 
C^-non-discrete as well. Thus, to make further progress, we need to investigate whether a locally 
C^-non-discrete group Gi can be topologically conjugate to a locally C^-discrete subgroup G 2 - 
Following our above stated results, the state-of-art of this problem can be summarized as follows. 

First we assume once and for all that Gi (and hence G 2 ) is minimal i.e. all of its orbits are 
dense in S^. Moreover these groups are also assumed to be non-abelian. The material presented 
in Sections 2 and 3 of the present paper shows that this assumption can be made without loss of 
generality (otherwise topological rigidity is always verihed). Theorem B also settles the question 
when the groups are of hyperbolic type. Also, if G 2 is conjugate to a Fuchsian group, then a 
conjugating homeomorphism h between Gi and G 2 cannot exist as pointed out in [R4j . These 
general statements apart, the existence of non-expanding points plays again a role in the problem. 
Thus we may consider the obvious alternative 

• All points in are expandable for G 2 - 

• G 2 has at least one non-expandable point. 

In the first case, an unpublished result of Deroin asserts that the (locally (F^-discrete group) G 2 is 
essentially a Fuchsian group. Therefore the preceding implies that a conjugating homeomorphism 
between Gi and G 2 cannot exist (cf. [R4j I. Alternatively, the non-existence of topological 
conjugation between Gi and G 2 can directly be derived from Theorem 15.II in Section 5. In fact, 
the argument in Section 5 relies only on the following assumptions: 

1 . Gi is locally C^-non-discrete. 

2 . Gi is minimal and non-abelian. 

3. Every point in is expandable for G 2 . 

In this respect, the examples obtained by Kleptsyn et ah of free subgroups of Diff“^(S'^) require 
a few additional comments. Namely, these groups contain diffeomorphisms exhibiting three 
hxed points (two of them hyperbolic and the remaining one parabolic) so that the group is not 
topologically conjugate to a Fuchsian group. Moreover, these groups possess non-expandable 
points (so that they are locally C^-discrete). Our results also show, or recover the information 
that might be read off their construction, that these examples by Kleptsyn et ah form an 
independently class of groups as they are topologically conjugate neither to Fuchsian groups nor 
to locally C'^-non-discrete groups (Theorem B). 
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In closing, recall that a classical problem that lends fnrther interest to regnlarity properties of 
homeomorphisms conjngating gronps actions is the possibility of having different Godbillon-Vey 
characteristic classes. In the case of (global) groups acting on S^, our results are satisfactory 
provided that one of the groups is locally G^-non-discrete. On the other hand, in the locally 
discrete case, this problem is difficult even if the groups in question arise from Fuchsian groups 
and we refer the reader to isa and its references for further information. 

To hnish the introduction, let us provide an overview of the structure of this paper. Section 2 
contains accurate dehnitions for most of the notions relevant for this paper. The section then 
continues by revisiting results related to Shcherbakov-Nakai theory in a form adapted to our 
needs. The second half of this section, namely Subsection 2.2, provides a description of the 
topological dynamics associated with a locally G^-non-discrete subgroup of Diff‘^(S'^). This 
description faithfully parallels the corresponding results established in |G1] for the case of groups 
admitting a generating set “close to the identity”. 

Section 3 is devoted to proving Theorem A in different types of special situations. These 
include the case where the groups Gi and G 2 have hnite orbits as well as the case in which these 
groups are solvable but non-abelian. The results of Section 3 are implicitly used throughout the 
paper since, from Section 4 on, they allow us to restrict our discussion to a sort of “generic case” 
for the group Gi. Roughly speaking, this generic situation is such that we can £x and interval 
I G and, for every e > 0, we can hnd a hnite collection of elements in Gi satisfying the 
following conditions: 

• Diffeomorphisms in this collection are e-close to the identity in the G^-topology on I. 

• The collection of these diffeomorphisms generated a non-solvable subgroup of Diff‘^(S'^). 

In Section 4, we construct an explicit sequence of diffeomorphisms in Gi converging to the 
identity in the G^-topology on the above mentioned interval I. As explained in the beginning 
of Section 4, this construction is necessary to control the convergence rate of this sequence 
to the identity while also having a bound on the growing rate of the sequence formed by the 
corresponding higher order derivatives. Note that the existence of a sequence converging to the 
identity in the G^-topology on some interval is the very dehnition of a locally G^-non-discrete 
group, yet this dehnition does not provide any estimate on the G^-norm (for example) of the 
diheomorphisms in this sequence (see Section 4 for a detailed discussion). In the construction of 
the mentioned desired sequence, we take advantage of the fact that we can select finitely many 
elements of Gi generating a non-solvable group and being arbitrarily close to the identity on a 
hxed interval I. 

In Section 5, we shall prove Theorem A modulo Proposition 15.31 whose proof is deferred to 
Section 6. In fact, in this section Theorem 15.11 will be proved and this theorem provides a 
statement fairly stronger than than what is strictly needed to derive Theorem A in the “generic 
case” (under discussion since Section 4). As to Proposition 15.31 the reader will note that its use 
can be avoided modulo working with bounded distortion estimates for iterates of diheomorphisms 
possessing parabolic hxed points, as similarly done in EB. The interest of Proposition 15.31 
lies primarily in the fact that it saves signihcant space by allowing us to focus exclusively on 
hyperbolic hxed points which, in turn, are linearizable [St] . 

In Section 6 we collect essentially all the results in this paper for which Ergodic theory appears 
to be an indispensable tool. The two main statements in this section are Proposition 15.31 and 
Theorem 16.31 Since the role played by Proposition 15.31 in our paper was already discussed, for the 
time being it suffices to mention that Theorem 16.31 reduces Theorem B to Theorem A. We also 
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note that the proof of Proposition 15.31 relies heavily on |DKN-lj and, in fact, this proposition is a 
straightforward consequence of the proof of “Theoreme F” in |DKN-lj . The proof of Theorem 16.31 
is more involved as it combines standard facts about hyperbolic groups with results from [De] 
and from Ea and still depends in a crucial way of Proposition 16.61 which deserves additional 
comments. 

Roughly speaking, given a “generic” (hnitely generated) locally non-discrete group G C 
Diff‘^(S'^), Proposition 16.61 ensures the existence of a measure /r on G giving rise to an abso¬ 
lutely continuous stationary measure. Whereas this statement has interest in its own right and 
deserves to be called theorem, as opposed to proposition, its status is not clear to us. Indeed, 
this results seems to be known to some experts as as a consequence of the techniques introduced 
in |C-M] . In view of this, we have decided not to include a fully detailed proof of it which, in 
addition, would have made this paper a few pages longer. However, we present a clear sketch of 
the corresponding proof, referring to |C-Mj for estimates and convergence details only. It may 
also be interesting to note that, albeit our discussion relies strongly on |C-Mj . it is conceivable 
that Furstenberg’s methods |Fuj might as well be enough to imply the desired statement. 

Finally the appendix (Section 7) contains a partial answer in the analytic category to a question 
raised in pg. The argument exploits the construction carried out in Section 4. The appendix 
then ends with a summary of the role played by the regularity assumption (C^) in this paper. 
In particular, we highlight some specihc problems whose solutions would lead to non-trivial 
generalizations of our statements to less regular groups of diffeomorphisms. 

Acknowledgements. The authors are grateful to V.Kleptsyn for interesting discussions and for 
suggesting us the statement of Proposition 15.51 A good part of this work was carried out during 
a long term visit of the second author to IMPA and he wishes to warmly thank P.Sad for his 
invitation. 


2 Locally non-discrete groups: vector fields and topolog¬ 
ical dynamics 

The dehnition of locally non-discrete groups is implicit in |R1] and formulated in |R3] and |De] . 
In the analytic case, it reads as follows: 

Definition 2.1 A subgroup G of Diff“'(S'^) is said to be locally G'^-non-discrete if there is a 
non-empty open interval / C and a sequence of elements {gi} <Z G, gi ^ id for every i G M, 
whose restrictions {gi\i} to I converge to the identity in the G'^-topology (as maps from I to S^). 

Naturally, a group G C DifT^(S'^) is called locally G^-discrete if it fails to satisfy the conditions 
of Dehnition 12.11 Unless otherwise stated, the terminology used in this paper is such that every 
interval is open, connected and non-empty. In the course of this paper, we shall mainly work 
with locally G^-non-discrete subgroups of Diff‘^(S'^). 

It also useful to adapt Dehnition 12.11 to the context of pseudogroups. 

Definition 2.2 Consider an open set [/ C M along with a pseudogroup P of analytic diffeomor¬ 
phisms from open subsets of U to M. The pseudogroup P is said to be locally G'^-non-discrete if 
there is an interval (open, connected and non-empty) I G U and a sequence of maps {gi} C P 
satisfying the following conditions: 
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1. For every i G N, the interval I is contained in the domain of definition of Qi viewed as 
element of the pseudogroup F. 

2. The restriction gi\i of gi to I does not coincide with the identity map. 

3. The seguence {gi\i} formed by the restrictions of the gi to I converge to the identity in the 

-topology (as maps from I to M.). 

2.1 Vector fields in the closure of pseudogroups 

Vector fields whose local flow can be approximated by elements in the initial gronp (psendogronp) 
constitnte a very important tool to investigate the dynamics associated with locally non-discrete 
gronps (psendogronps). The idea of approximating a flow by elements in a gronp/psendogronp 
is made accnrate by the following dehnition. 

Definition 2.3 Consider an open set U <Z M. along with a pseudogroup F of maps from open 
subsets of U to M. Consider also a vector field X defined on an interval I <Z U and let Tx 
denote its local flow. The vector field X is said to be (contained) in the C^-closure ofT if, for 
every interval Iq I and for every to G M+ such that is defined on I for 0 < t < to, there 
exists a seguence of maps C F satisfying the conditions below: 

• For every i G N, the interval Iq is contained in the domain of definition of g^ viewed as 
element of the pseudogroup F. 

• The seguence {(y'jpo} formed by the restrictions of the Pi to Iq converge to : Jq —>■ M m 
the C'^-topology (where k eNU {c)o}J. 

Unless otherwise mentioned, whenever we mention a vector held X belonging to the closnre 
of a psendogronp F it is implicitly assnmed that this vector held does not vanish identically. It is 
clear from the dehnitions that a psendogronp containing some (non-identically zero) vector held 
in its C"’-closnre cannot be locally C''-discrete. 

Before going fnrther into the strnctnre of the topological dynamics of locally C^-non-discrete 
snbgronps of Dih‘^(S'^), let ns qnickly revisit some results established by Shcherbakov and Nakai 
for pseudogroups of holomorphic diheomorphisms hxing 0 G C; see im]. isEi. The discussion 
below is slightly simplihed by the fact that only local diheomorphisms having real coefficients 
will be considered. Let Dih‘^(M, 0) denote the group of germs of orientation-preserving analytic 
diheomorphisms, i.e. if G Dih‘^(M, 0) then we assume that > 0. 

First, we have: 

Lemma 2.4 Let T be a pseudogroup generated by finitely many elements o/Dih‘^(M, 0) and 
denote by F(o,o) the group of germs at (0, 0) corresponding to F. Then the following are eguivalent: 

1. F(o,o) is an infinite cyclic group unless it is reduced to the identity. 

2. F is locally -discrete, for every r G N U {c)o}. 

3. F does not contain vector fields in its -closure, for every r G N U {oo}. 
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Proof. Since the elements in F C Diff'^(M, 0) are assumed to preserve the orientation of M, it 
follows at once that every element different from the identity in F(o,o) has inhnite order. Assuming 
once and for all that F(o,o) is not reduced to the identity, consider an element g ^ id in F(o,o)- 
Modulo replacing g by its inverse g~^, we can assume that g'{0) < 1. Let us then split the 
discussion into two cases. 

Case 1. Suppose that (^'(O) = A < 1. In this case, there are local (analytic) coordinates where 
g{x) = Ax; see jSt]. Now suppose that F(o,o) is an abelian group. Then, in the above coordinates, 
every element of F(o,o) coincides with a linear map of type x e-)■ cx for a constant c G In 
other words, F(o,o) is naturally identihed to a multiplicative subgroup of The equivalence of 
the three statements above then becomes clear. 

Suppose now that F(o,o) is not abelian and consider another element gi ^ id belonging in 
iA^F(o,o)- Though g^ ^ id, the derivative of (71 at 0 G R equals 1 since gi G iA^F(o,o) is a product 
of commutators. Now, by repeating the standard argument of Shcherbakov-Nakai with elements 
of F(o,o) having the form it is well-known that a suitable choice of the integers 

N{k) leads to an analytic vector held X in the C'^-closure F (the reader will note that this vector 
held X is dehned around 0 G R which in general does not happen for Shcherbakov-Nakai vector 
helds). The proof of the lemma is therefore completed in Case 1. 

Case 2. Suppose that 5 ''( 0 ) = 1. In view of the preceding discussion, we can assume without 
lost of generality that every element in F(o,o) is actually tangent to the identity. Under this 
assumption, denote by Y the formal vector held whose induced time-one map coincides with g. 

Whereas the vector held Y is only formal, its (formal) real how Ty contains the germs of all 
elements in Dih‘^(R, 0) commuting with g. Let T be the sets of those values of t G R for which 
Ty actually dehnes an element of Dih‘^(R, 0). Clearly T is an additive subgroup of R. Moreover, 
it is well-known that the formal power series dehning Y will be convergent provided that the set 
T is not discrete in R, see |Ba] . |Ec] . We will split the discussion into two cases according to 
whether or not F( 0 , 0 ) is abelian. 

Suppose hrst that F(o,o) is abelian so that it embeds in the 1 -parameter group generated by 
the formal how of Y. Clearly F(o,o) is inhnite cyclic if and only if T is a discrete subgroup of 
R. In this case, there also follows that F is locally C^-discrete and that F contains only trivial 
vector helds in its C^-closure (for every r G NU {cxd}). Conversely, if T is not discrete in R, then 
it must be dense. Furthermore the formal vector held Y turns out to be analytic f |Ba] . |Ec] ). It 
is now immediate to check that Y itself is contained in the C'^-closure of F. 

It only remains to consider the case where F( 0 , 0 ) is not abelian. Since F( 0 , 0 ) is also contained 
in the (normal) subgroup of Dih‘^(R, 0) consisting of elements tangent to the identity, being 
non-abelian implies the existence of elements gi, g 2 ^ ^( 0 , 0 ), Qi, 92 7 ^ id, having diherent orders 
of contact with the identity. These two elements can then be used to produce a vector held of 
Shcherbakov-Nakai in the (T^-closure of F. The lemma is proved. □ 

Shcherbakov-Nakai vector helds for non-solvable subgroups of Dih (C, 0) was the hrst genuinely 
non-linear situation where vector helds in the closure of (countable) groups were proven to exist. 
Subgroups of Dih‘^(R, 0) (or even of Dih(C,0)) are obviously special, as opposed to groups 
of Dih^(S'^), in the sense that their elements share a same hxed point namely, the origin. In 
addition to the existence of free discrete subgroups in Dih^(S'^), the absence of a common hxed 
point for elements in free subgroups of Dih‘^(S'^) is the main obstacle to extend to this context 
the results obtained in IBH, EH. This difficulty was overcome for the hrst time in |R1] . The 
following lemma singles out the key point that is common to all constructions of vector helds 
having similar properties (for detailed explanations see |R4] ). 





Lemma 2.5 Suppose that the pseudogroup T consisting of local diffeomorphisms from open sets 
of an open (non-empty) interval J <Z M. to M. contains a seguence of elements {pi} satisfying the 
following conditions: 

1. For every i, gt is defined on a fixed non-empty open interval I. Moreover, again for every i, 
the restriction gi\j of gi to I is different from the identity. 

2. The seguence of local diffeomorphisms gi\j converges to the identity in the C'^-topology. 

3. There is a uniform constant C such that 

Wdi ^ C ll^j 

where || . \\m,i (resp. || . Wm-ig) stands for the C^-norm (resp. C^~^-norm) of pi — id on I. 
Then there is a (non-identically zero) vector field X contained in the C^~^-closure ofT. 

Proof. For every i, we consider the vector field Xi defined on I by the formnla 

= TF- - x)d/dx . 

It follows at once that the C’^-norm of Xi on I is bonnded by 1 and, in addition, that this bonnd 
is attained in the closnre of I. In tnrn, condition 3 above shows that the of X^ is 

bonnded from below by a positive constant. In fact, we have 

0 < ^ < 

for every i G N. Owing to Ascoli-Arzela theorem, and modnlo passing to a snbseqnence, the 
seqnence of vector fields {X^} converges in the C""”^-topology towards a 0”*“^-vector field X. 
Fnrthermore, X is not identically zero since it must verify ||X||m-i,/ > I/O > 0. Now a standard 
application of Euler polygonal method shows that the vector field X is contained in the 0”^“^- 
closure of F in the sense of Definition 12.31 The lemma is proved. □ 

Lemma [23] will often be used in the context where m = 2. The method originally put forward 
in |R1] is summarized by Proposition 12.61 below; see also |R4] and |DKN-2] . 

Proposition 2.6 Consider a pseudogroup F consisting of maps from an interval J <Z M. to M. 
and satisfying the two conditions below. 

• There is a seguence of elements gi pi ^ id for every i E N, all of whose elements are 
defined on J. Moreover, this seguence converges to the identity on the C'^-topology on J . 

• There is an element / G F possessing a hyperbolic fixed point p E J. 

Then there is an open interval / C J containing p and a seguence of elements {pi} in F satisfying 
the conditions of Lemma \2.5\ (in particular, all the diffeomorphisms Pi are defined on I and none 
of them coincides with the identity on I). 
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Proof. We shall sketch the argument since extensions of this basic idea will play an important role 
in Sections 4 and 5. It suffices to consider the case m = 2. By assumption, we have f{p) = p and 
f'ip) = ^ (0, !)• Since / is analytic, there is a local coordinate x around p where f{x) = Xx 

[St]. Let then / C J be an interval containing p whose closure is contained in the domain of 
dehnition of the coordinate x. First, we have the following: 

Claim 1. Without loss of generality, we can assume that gi{p) ^ p for every i. 

Proof of Claim 1. Suppose that gi{p) = p for all but hnitely many i. If, for some large enough i, 
we have g^p) = 1 then by considering elements of the form {A“'^(with i hxed), we 
can obtain a Shcherbakov-Nakai vector held dehned on a neighborhood of p and contained in the 
C°°-closure of F. The existence of this vector held actually suffices for our purposes, yet we point 
out that the sequence of elements {A“^ 5 fi(A'^a:)} verihes the conditions of our statement. 

It follows from the preceding that the proposition holds provided that there is some gi not 
commuting with / and satisfying gi{p) = p. Hence it only remains to consider the possibility of 
having all the diheomorphisms gi commuting with / and satisfying gi{p) = p (modulo dropping 
hnitely many terms of the initial sequence). Since gi commutes with /, it must be given on 
/ and in the coordinate x by gi{x) = XiX. However the sequence {A*} converges to 1 since 
{gi} converges C^ (in fact to the identity. In other words, the sequence {gi} satishes the 
requirements in our statement. □ 

Considering the last possibility discussed in the proof of the above claim, the reader will note 
that the C^-closure of F contains a how consisting of linear maps x i—)■ Ax for every A G M*. 
Indeed, for every i, Xi 1 since gi ^ id. There follows that the multiplicative group of M* 
generated by the collection of all Aj is dense in R* what, in turn, ensures that the mentioned 
vector held lies in the C^-closure (indeed in the C°°-closure) of F. 

Going back to the proof of our proposition, in what follows we assume that gi{p) ^ p for 
every i G N. Next, let Ki be a sequence of positive integers going to inhnity to be determined 
later. Set 

h = ^i(A'‘'x). 

Note that the second derivative g” of gi at a point x is simply g'l{x) = A'^* g'fX^^x) provided that 
both sides are dehned. This simple formula shows that sup 3 ,gj- ||^"(^)ll decreases as Hi increases. 
On the other hand the absolute value of A“"’5'j(0) increases monotonically with n and becomes 
unbounded as n —)■ cxd since ( 7 i( 0 ) 7 ^ 0. Therefore the G^-norm of gi — id on / also increases 
with n. Thus, for every i hxed, we can hnd Ki G N* so that the following estimate holds: 

sup ||^"(a;)|| < sup{||^i - id|| + \\g[ - 1||} . 

xG/ xG/ 

For these choices of Ki we immediately obtain 


||^i-id||2,7 < 2||^i-id||iy 


proving the proposition. □ 

2.2 Topological dynamics of locally non-discrete subgroups 

The material presented in this section is very closely related to the description of the topological 
dynamics associated with groups generated by diheomorphisms close to the identity obtained in 
ED. In fact, our purpose is to prove the following: 
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Proposition 2.7 Let G C Diff‘^(S'^) be a locally 0“^-non-discrete group. Then either G has a 
finite orbit or every orbit of G is dense in S^. Moreover, the set of points in having finite 
orbit under G is itself finite. Finally, if I is a connected interval in the complement of this set 
and Gi denote the subgroup of G consisting of those diffeomorphisms fixing I, then the action of 
Gi on I has all orbits dense in I. 


Since our assumptions are slightly more general than those used in EB. we shall provide 
below a detailed proof for Proposition 12.71 We begin by recalling a well-known proposition; see 
for example |C-C] . |Nv] . 

Proposition 2.8 Denote by Homeo (S*^) the group of homeomorphisms of the circle and consider 
a subgroup G C Homeo Then one of the following holds: 

1. The group G possesses a finite orbit in S^. 

2. The G-orbit of every point p E is dense in S^. 

3. There is a Cantor set K <Z invariant by G and such that the G-orbit of every point 

p E K is dense in K. This set is unigue and contained in the closure of the G-orbit of 
every point p E . □ 

Consider now a subgroup G of Diff^(S'^). If G possesses a hnite orbit then the statement of 
Proposition 12.81 can be made more accurate as follows. The presence of a hnite orbit implies that 
the rotation numbers of the elements in G take values in some hnite set. In turn, the subgroup 
Go of G consisting of those diheomorphisms hxing every point in the mentioned hnite orbit has 
hnite index in G. Thus, Go is not reduced to the identity unless G is a hnite group. Assuming 
that G is not hnite and choosing g E Gq, g 7 ^ id, there follows that the set of all points in 
possessing finite orbit under G must be hnite since it is contained in the set of fixed points of g. 
Hence, we have proved: 


Corollary 2.9 Assume that the group G is infinite but has a finite orbit Op. Denote by C 
the set consisting of those points q E whose orbit under G is finite. Then Oq°° is a finite 
set. In particular, G possesses a finite index subgroup Gq whose elements fixes every single point 
zn 0<^. □ 

Dealing with subgroups of Dih‘^(S'^) having hnite orbit will naturally involve groups of analytic 
diheomorphism of the interval [ 0 , 1 ] (i.e. the group of diheomorphisms from [ 0 , 1 ] to [ 0 , 1 ] hxing the 
endpoints 0 and 1). In this direction, the following statement is also well-known and attributed 
to G. Hector (see |G1] for a proof). 


Proposition 2.10 (G. Hector) LetGj denote a group consisting of orientation-preserving real 
analytic diffeomorphisms of [0,1]. Suppose that the only points in [0,1] that are fixed for every 
element in G/ are precisely the endpoints 0 and 1. Suppose also that G is neither trivial nor an 
infinite cyclic group. Then the orbit of every point p E (0,1) is dense in (0,1). □ 


We are now able to prove Proposition 12.71 


Proof of Proposition [W7[ Most of the proof amounts to showing that a subgroup G C Dih‘^(S'^) 
leaving invariant a Cantor set K <Z S^ must be locally G^-discrete. We begin by proving this 
assertion. 
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Consider then a gronp G C Diff‘^(S'^) preserving a Cantor set K. Proposition 12.81 ensnres 
that K is the nniqne minimal set of G in Fnrthermore K and the whole of are the only 
non-empty closed snbsets of that are invariant by G. 

Snppose for a contradiction that G is locally G^-non-discrete. In other words, snppose the 
existence of an interval I G along with a seqnence of elements in {gi} C G satisfying the 
following: 

1. Qi ^ id for every i G N. Since G is constitnted by analytic diffeomorphisms, this condition 
also implies that the restriction of g^ to I does not coincide with the identity on I, for 
every z G N. 

2. The seqnence of restricted maps gi\j : I ^ converges to the identity on the G^-topology 
over I. 

Now we have: 

Claim. The intersection J fl iC is not empty. 

Proof of the Claim. Snppose that / n iP = 0 and denote by / the connected component oi S^\K 
containing I. The endpoints of I belong to K and are antomatically hxed by every element of 
the snbgronp G/ of G dehned by 

G, = { 9 eG; g(/)n7/0}. 

Thns, modnlo dropping hnitely many terms of the seqnence {gi\, we can assnme that every gi 
hxes a chosen endpoint p of I. Consider a neighborhood U oip and the psendogronp T jj induced 
on U by restrictions of elements in Gj. Note also that G/ hxes p so that we can also consider the 
group Tp of germs at p of elements in Tf/. Since p & K and K is invariant by G, it follows that 
the G^-closure of T^/ contains neither (standard) Shcherbakov-Nakai vector helds (asymptotically 
dehned on an one-sided interval starting at p) nor vector helds dehned on neighborhood of p. 
Owing to Lemma I2.4[ we conclude that Tp is inhnite cyclic since it cannot be trivial (the germs 
at p of the diheomorphisms gi belong to Tp). On a hxed neighborhood of p, and for every z G M, 
the diheomorphism gi is locally obtained as the map induced by a certain (possibly formal) local 
how T at a corresponding time The additive subgroup of M generated by the times ti must be 
discrete, otherwise the local how T is actually dehned for all f G M and the associated analytic 
vector held is in the closure of Tp. This is impossible since p G iL and iL is a Cantor set invariant 
by Tp. Being discrete, the subgroup of (M, -1-) generated by the times U has a generator to > 0. 
Thus, the dynamics of the group Gj on I consists of the iterations of a single diheomorphism 
having the endpoints of I hxed. In particular, the orbit of every point in I by the diheomorphism 
in question converges to a hxed point of this diheomorphism. This contradicts the existence of a 
sequence of elements in G/ converging to the identity on I. □ 

To complete the proof of the proposition, we proceed as follows. According to a classical 
theorem due to Sacksteder lEC], IHv], there is a point p E K and a diheomorphism f E G such 
that /(p) = p and 0 < |/'(p)| < 1. Since I H K is not empty and the dynamics of G on iL is 
minimal, there is no loss of generality in supposing that p E I f] K. Now, by considering the 
pseudogroup T generated on J by / and by the sequence of maps Proposition 12.61 ensures 
the existence of a nowhere zero vector held X dehned about p and contained in the G^-closure 
of T. This yields a contradiction since K is a. Cantor set supposed to be invariant by G and, 
hence, by T. The resulting contradiction then proves our claim that a locally G^-non-discrete 
group G C Dih^(S'^) cannot leave a Cantor set K G invariant. 
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To complete the proof of the proposition, we just need to further discuss the case in which G 
has a hnite orbit. The very assumption that G is locally C^-non-discrete implies that G cannot 
be hnite. Thus the set Og of Corollary 12.91 is hnite. Let / be a connected component of \ Og 
and consider the subgroup Gj of G consisting of diheomorphisms hxing I. To hnish the proof 
of Proposition 12.71 is suffices to check that the action of Gj on I has all orbits dense. Owing to 
Proposition 12.101 if this does not happen then Gi must be inhnite cyclic. Assuming that Gj is 
inhnite cyclic, this group is also locally non-discrete. Lemma ITTI then allows us to conclude that 
the orbits of Gi on / are still dense. Proposition 12.71 is established. □ 

3 Rigidity in the presence of points with large stabilizers 
and related cases 

The purpose of this section is to prove Theorem A in some specihc cases related, for example, 
to the existence of hnite orbits for a non-solvable group (say Gi). We shall also settle the case 
in which Gi is an actual solvable group. This material will reduce the proof of Theorem A to a 
generic situation where, roughly speaking, the group Gi is not solvable and every point in 
has cyclic (possibly trivial) stabilizer. This generic situation is, however, substantially harder 
and will be detailed in the subsequent sections of this paper. 

In the sequel, consider a locally G^-non-discrete subgroup Gi of Dih‘^(S'^). Then hx an interval 
/ C and a sequence {s'!,*} of elements in Gi whose restrictions to / converge to the 

identity in the G^-topology (with {gi^i ^ id) for every i). Next, let G 2 be another subgroup of 
Dih‘^(S'^) that happens to be topologically conjugate to Gi. The reader is reminded that h is 
supposed to be orientation-preserving. 

Having hxed the sequence {gi^i\i}, for every r G N we consider the subgroup Gi^r C Gi 
generated by the elements ..., ^fi(notation: Gi^r = {gi,i) ■■■) gi,r))- In fhe subsequent 
discussion, we shall be allowed to “redehne” the sequence {gi,i\i} by dropping hnitely many 
terms of it and then setting g^i = gi^i+i^ for every i G N and for a certain zq G N. 

Throughout this section the group Gi is assumed to be non-abelian. Furthermore, unless 
otherwise mentioned, the following condition is also supposed to hold: 

(*) For every r G N, the group Gi^r possesses a finite orbit while these groups are not finite 
themselves. 

Lemma 3.1 Modulo redefining the seguence {gi^i\i} by dropping finitely many terms of it, there 
is a finite set P = {pi, ...,pi} C whose points pj, i = 1,..., I, are fixed points for all the groups 
Gl,r- 

Proof. Let Pi C be the set of points having hnite orbit for Gi^. Owing to Corollary 12.91 the 
set Pi consists of hnitely many points. Naturally, for every r > 1, the set of points with hnite 
orbit under the group Gi^r is contained in Pi since Gi^ C Gi^^- Denoting by Pr C the set of 
points having hnite orbit under Gi^r, we have Pi D P 2 D • • • so that the intersection 

00 

r=l 

is contained in Pi. Furthermore this intersection is not empty since our assumption ensures that 
none of the sets Pr is empty. Thus, to prove the lemma, it suffices to show that for i sufficiently 
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large, the diffeomorphisms gi^i fixes all points in P. For this let Ji denote a connected component 
of \ P having non-empty intersection with the open interval I. Since {gi^i\ converges to the 
identity on /, for i large enough we must have gi,i{Ii) fl/i 7^ 0. Since, on the other hand, the set 
P is invariant under gi^i, it follows at once that gi^i fixes every point in P. The lemma is proved. 

□ 

Next, let us also consider the group G 2 along with the homeomorphism h. We begin by 
letting g 2 ,i = h~^ o gi ^ o h for every i G N. We also pose G 2 ,r = (fi'2,1, ■ ■ ■, Next recall that 
P = {pi, ...,P/} and let Qj = h~^{pj), for j = 1,..., 1. It is cleat that the set Q = {qi,... ,qi} is 
constituted by fixed points of G 2 ,r for every r G N. 

Now let Pi E P and qi = h~^{pi) G Q be fixed. From what precedes, the stabilizer of pi 
(resp. gi) contains all of Gi^r (resp. G2,r) for every r G N. Now we shall consider a few different 
possibilities involving the algebraic structure of the groups Gi^r- 

Proposition 3.2 Modulo choosing r G N very large, suppose that the group Gi^r is not solvable. 
Then the conjugating homeomorphism h coincides with a real analytic dijfeomorphism of . 

Proof Let Fi (resp. F2) denote the germ of Gi^r (resp. G2,r) about pi (resp. gi). Naturally both 
groups Fi, F2 can be identified with non-solvable subgroups of Diff‘^(M, 0) which are (locally) 
topologically conjugate by a homeomorphism induced by the restriction of h. A result due to 
Nakai |N2j ensures then that h is real analytic on a neighborhood of 0 — pi- Since pi is an 
arbitrary point in P, we conclude that h is analytic on a neighborhood of every point in P. 
Finally, up to choosing n even larger if needed, we can assume that Gi^n has dense orbits on the 
connected components of \ P, cf. Proposition 12.101 From this it promptly follows that the 
local analytic character of h about points in P extends to all of S^. The proof of our proposition 
is over. □ 

Let us now assume that for every r G N, the group Gi^r (and thus G2,r) is solvable. We begin 
with a general and well-known lemma concerning solvable subgroups of Diff‘^(S'^). 

Lemma 3.3 Let G C Diff'^(S'^) he a solvable subgroup 0/Diff‘^(S'^). Then either G has a finite 
orbit or it is topologically conjugate to a group of rotations. 

Proof Since G is solvable, its action on preserves a probability measure p. Hence the support 
Supp (p) of /i is a closed subset of invariant by G. Consider a minimal set Ai for G contained in 
Supp (p). In view of Proposition [231 must be of one of the following types: the entire circle, a 
finite orbit or a Cantor set. Suppose first that A4 coincides with all of S^. Then by parameterizing 
the circle by the integral of the Radon-Nikodym derivative, a topological conjugation between G 
and a rotation group of can be constructed (in particular G is abelian). In turn, if the support 
of /i is a finite set, then this set is invariant by G so that this group has finite orbits. Hence 
to finish the proof of the lemma it suffices to check that Ai cannot be a Cantor set. This last 
assertion follows from Sacksteder’s theorem; see |C-Cj . |Nvj . In other words, if is a Cantor 
set, then there is an element g E G and a point p E Ai such that p is a hyperbolic fixed point for 
g. Now, since g preserves p and p G Supp {p) = Ai, it follows that the point p must have strictly 
positive p-mass. However the measure p is invariant by G and finite which, in turn, forces the 
orbit of p to be finite itself thus completing the proof of the lemma. □ 

Proposition 3.4 Up to dropping finitely many terms of the sequence {gi,i}, suppose that Gi^r is 
an infinite solvable group for every r G N. Suppose, in addition, the existence o/tq for which Gi^ro 
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has a finite orbit for some r G N. Then the homeomorphism h conjugating Gi to G 2 coincides 
with an analytic diffeomorphism of . 

Proof Let p G be a point whose orbit under Gi^ro is finite. Consider then the stabilizer Lp 
of p in Gi,ro- Tfie group Lp is naturally identified to an infinite solvable subgroup of Diff‘^(M, 0). 
Besides, with suitable identifications, the restriction of h to a neighborhood of p topologically 
conjugates Lp to another subgroup Tg of Diff‘^(M, 0). Again the proof of the proposition becomes 
reduced to checking that the homeomorphism (still denoted by h) conjugating Lp C Diff‘^(M, 0) 
to Lq C Diff‘^(M, 0) must be analytic on a neighborhood of 0 G M. For this, let us consider the 
following possibilities: 

Case 1. Suppose that Fp (an thus Tg) is not abelian. From the description of solvable subgroups 
of Diff^(M, 0), there follows that solvable non-abelian subgroups of Diff‘^(M, 0) have elements 
fi,gi satisfying the following conditions: 

• /i has a hyperbolic fixed point at 0 G M. 

• gi is tangent to the identity at 0 G M (though p 7^ id). 

According to Section 2, the local diffeomorphisms fi,gi can be combined to construct a (non- 
identically zero) analytic vector field Xi defined on a neighborhood o/O G M and contained in the 
closure of Fp. A similar vector field X 2 can be defined by means of the elements /2 = h~^ o f^oh 
and g 2 = h~^ o g^o h oi F^. By using the fact that h conjugates the actions of Fp, F^, it follows 
from the indicated constructions that h conjugates Xi to X 2 in a time-preserving manner. Thus 
h must be analytic about 0 G M and this establishes the proposition in the first case. 

Case 2. Suppose now that Fp (and thus F^) is an infinite abelian subgroup. Thus so is Gi,ro- 
Therefore, owing to Case 1 and up to dropping finitely many terms from the sequence {gi^i}, 
we can assume that Gi^r is abelian for every r G N. We then define the abelian group Gi,oo be 
letting 

00 

Gl,cx) = Gi^r . 
r=l 

Next fix an element / G Gi,ro Gi,oo, / 7^ id, having a fixed point. Since Gi,oo is abelian, the 
finite set consisting of fixed points of / is invariant under Gi^oo- In particular, for i large enough, 
every diffeomorphism in the sequence {gi^i} must fix every point fixed by /. In particular, the 
stabilizer Fp oo of p in Gi^oo is an abelian group contained the diffeomorphisms gi^i for large 
enough i. In particular Fp 00 is non-discrete since {gi^i} converges to the identity on I. Given 
that Fp 00 is abelian non-discrete, we can resort to Lemma 12.41 in Section 2 to produce vector 
fields Xi, X2 defined around p and q respectively that are conjugated by h in a time-preserving 
manner. Hence, it follows again that h must be analytic about 0 G M. The proposition is proved. 

□ 

To finish this section we shall establish a last reduction to the proof of Theorem A in the form 
of Proposition 13.51 To state this reduction, recall that I <Z is a fixed interval for which Gi 
contains a sequence of elements {gi^i}, {gi^i id), whose restrictions {gi,i\i} to / converge to the 
identity in the G^-topology. 

Proposition 3.5 To prove Theorem A, we can assume without loss of generality that the fol¬ 
lowing hold: 
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• There is N for which the group generated by {s'!,!,... ,gi,N} is not solvable. 

• For every given e > 0 (and up to dropping finitely many terms from the seguence {gi,i}), 
all the diffeomorphisms gi^i,... ,gi,N are e-close to the identity in the C'^-topology on the 
interval I. 

• No point p & is simultaneously fixed by all the diffeomorphisms gi^i ,..., gi^N- 

• In general, every finite subset generating a non-solvable subgroup of Gi cannot have a 
common fixed point. 

To prove Proposition 13.51 let us assume once and for all that £ > 0 is given. We also as¬ 
sume without loss of generality that the sequence of diffeomorphisms {gi,i} is constituted by 
diffeomorphisms e-close to the identity in the C^-topology on the interval I. 

Assume there is tq G N such that the group Gi,r-o is not solvable. Owing to Proposition 13.21 
Theorem A holds provided that the non-solvable group Gi^no possesses a hnite orbit. More 
generally, Proposition 13.21 also justihes the last assertion in the statement of Proposition 13.51 

Summarizing the above discussion, to establish Proposition 13.51 it suffices to show that Theo¬ 
rem A holds provided that all the groups ^ G N*, are solvable. This will be our aim in the 
sequel. 

To begin with, recall the general fact that every hnite subgroup of Diff“(S'^) is analytically 
conjugate to a rotation group. On the other hand, we also know that every infinite solvable group 
having no hnite orbit is topologically conjugate to a rotation group, cf. Lemma [3.31 By virtue 
of Proposition 13.41 we can therefore assume that each group Gi^r is abelian and topologically 
conjugate to a group of rotations. 

Consider again the group Gi,oo = U^i Clearly Gi,oo is an inhnite locally non-discrete 
abelian group all of whose orbits are inhnite. Although it is inhnitely generated, the action of 
Gi^oo still preserves a probability measure poo- In fact, let iXr be a probability measure invariant 
by Gi^r and take Poo as an accumulation point of the sequence {pir}- The fact that Gi^r C 
promptly implies that poo niust be invariant by Gi^r for every r G N. Since Gi,oo has no hnite 
orbit, it follows that poo has no atomic component so that its support must coincide with all of 
(recall that the support cannot be a Cantor set thanks to Sacksteder theorem |C-C] . |Nv] j. Hence, 
the Radon-Nikodym derivative of this measure allows us to construct a topological coordinate H 
on in which Gi^oo is a group of rotations. Next we have: 

Lemma 3.6 In the topological coordinate H, the group Gi^oo is a dense subgroup of the group of 
all rotations of S^. 

Proof Consider the map p : Gi,oo —)• M/Z assigning to an element g G Gi,oo its rotation number. 
Because Gi,oo is an abelian group, the map p is a homomorphism so that its image p (Gi,oo) C 
is a dense set of viewed as a multiplicative group. Moreover, the homomorphism p is injective 
since, in the coordinate H, the rotation corresponding to an element g G Gi,oo is nothing but the 
rotation of angle equal to the rotation number of G. The lemma then follows from the fact that 
the subgroup p(Gi_oo) is clearly inhnite. □ 

The next lemma is also elementary. 

Lemma 3.7 Suppose that g : ^ is a homeomorphism of the circle that commutes with a 

dense set E of rotations. Then g is itself a rotation. 
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Proof. Consider the circle equipped with the standard euclidean metric d induced from M by the 
identihcation = M/Z. To show that g is a rotation amounts to check that g is an isometry 
of d. Hence, chosen an interval J with endpoints x,j/, we need to show that the length of g{J) 
equals to the length of J. If this were not true, then there would exist J <Z such that the 
length L{J) oi g{J) would be strictly smaller than the length L{g{J)) oi g{J). Now, since is a 
dense set of rotations, we can hnd an element a E E such that a{g{J)) C J. Thus the map a o g 
maps J strictly inside itself and must therefore have a hxed point p E J <Z S^. Furthermore ao g 
commutes with all rotations in E so that the orbit of p by elements in E must consist of hxed 
points for a o g. However, since the orbit of p by all rotations in E is clearly dense in S^, there 
follows that cr o g coincides with the identity. The resulting contradiction proves the lemma. □ 

Let us close this section with the proof of Proposition 13.51 

Proof of Proposition \d. 5\ The proof amounts to showing that the initial sequence of diffeomor- 
phisms {gi^i} C Gi can be chosen so as to ensure that for large enough r G N the group Gi^r 
cannot be topologically conjugate to a group of rotations. For this, consider a hnite generating 
set /i^i,...,/i^s for Gi- Given the initial sequence {s'!,*} C Gi, we consider all diffeomorphisms 
of the form g^j^i = ffj o gi^ o f^j where j E {1,... ,s} and z G N. Next, the indices j, z can 
be reorganized to ensure that all the diffeomorphisms gj^i are actually contained in the initial 
sequence {gi^i}. With this new dehnition of the sequence {gi,i}, the following holds: 

Claim. The group Gi^oo is no longer topologically conjugate to a group of rotations. 

Proof. By construction the group Gi^oo consists of elements having the form ffj og^ ° fig■, where 
cjk E Diff‘^(S'^) is a certain sequence of diffeomorphisms converging to the identity on I (in the 
G^-topology). Suppose for a contradiction that Gi^oo is abelian without hnite orbits. Now hxed 
k, the elements gk and ffj o gk ° fij, j = 1,..., s have all the same rotation number. What 
precedes then ensures that all these elements are the same. Indeed, it was seen that the “rotation 
number homomorphism” from Gi^oo to is one-to-one. In other words, for every /c G N and 
every j = 1,..., s the diheomorphisms gk and fij do commute. 

Now recall the existence of a topological coordinate H where Gi^oo is identihed to a group of 
rotations that happens to be dense in the group of all rotations of S^. Let F be the subgroup 
of Gi^oo generated by all the elements gk, k E and note that F is dense the group of all 
rotations of as well. Finally, always working in the coordinate Ed, the generators /i^i,..., fi^s 
of Gi commute with all elements in F. Lemma [3.71 then ensures that every fi j is itself another 
rotation in the coordinate H. Hence the group Gi must be abelian and this yields the desired 
contradiction. □ 

Now the proposition results from the repeating word-by-word the preceding discussion. □ 


4 Convergence estimates for sequences of commutators 

This section is devoted to providing an algorithmic way to construct diffeomorphisms converging 
to the identity on a suitably hxed interval. These constructions will allow for a more effective use 
of the assumption that our groups are locally non-discrete and this deserves further comments. 
Consider a locally G^-non-discrete group G C Diff‘^(S'^). In other words, there is an interval 
I G and a sequence of elements {gi} C G satisfying the conditions of Dehnition 12.11 An 
inconvenient point concerning this dehnition lies in the fact that the sequence {gi} is a priori given 
and this prevents us from having any additional control on the diheomorphisms gi. For example, 
we have no information whatsoever on the higher order derivatives of gi and, in particular, no 
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information on the growing rate of the seqnence US'*Us, where || . Us stands for the C^-norm. In the 
context of Theorem A, if {s'!,*} is a seqnence as above for the gronp Gi, then the corresponding 
sequence g 2 ,i = h~^ o gi ^ o h of elements in G 2 is known to converge to the identity only in the 
G°-topology. With a purpose of deriving non trivial implications on the regularity of h, it is 
natural to look for sequences as above such that {g 2 ,i} converges in topologies stronger than the 
G°-topology. The main immediate virtue of the construction presented below is to yield some 
control on the growing rate of the sequence formed by higher order derivatives oi gi. A further 
application of our construction will be given in the form of partial answer to some questions 
raised in |De] . cf. Appendix (Section 7). 

Considering then a locally G^-non-discrete group G C Diff^(S'^). We want to explicitly con¬ 
struct sequences of elements in G satisfying the conditions of Dehnition 12.11 where, by explicitly 
constructing, it is meant an algorithmic procedure beginning with a hnite set of suitably chosen 
elements in G. The very nature of the algorithm will immediately yield elementary estimates 
that will be needed in the proof of Theorem A. 

Owing to Proposition 13.51 we £x some interval I <Z and a collection S' C G of elements 
g^,... ,'gj^ generating a non-solvable subgroup. The diffeomorphisms 'g^, i = 1,..., A^ are also 
assumed to be e-close to the identity in the G^-topology on the interval I, where the value of e > 0 
will be hxed only later. The idea to produce a sequence of diffeomorphisms converging to the 
identity out of the hnite set S = {g^,... ,^jv} consists of iterating commutators. This is a slight 
rehnement of the method employed by Ghys in imi which relies on a fast iteration technique. 
Indeed, the difficulty in proving convergence to the identity of sequences of iterated commutators 
lies in the fact that an estimation of the G^-norm of a commutator [/i, /2] = /i o /2 o fi^ o f 2 ^ 
requires estimations on the G”^’''^-norm of /i, f 2 - To establish the convergence of a sequence 
of “iterated commutators” becomes therefore tricky as at each step there is an intrinsic loss of 
one derivative. It is thus natural to try to overcome this difficulty by means of some suitable 
fast iteration scheme and this is the idea of Ghys EB who uses holomorphic extensions and the 
uniform convergence of those. In the holomorphic context, however, Cauchy formula enables us 
to substitute the loss of one derivative by the loss of a portion of the domain of dehnition: hence 
it is enough to ensure that the portion of domain lost at step of the iteration scheme becomes 
smaller and smaller so that some uniform domain is kept at the end. 

Since we will work only with G^-convergence the same fast iteration scheme is not available, 
albeit adaptations are still possible. Yet, we prefer to introduce a slightly more elaborated 
iterative procedure which has the advantage of avoiding fast convergence estimates. The idea is 
to add a step of renormalization at each stage of the commutator iteration. This renormalization 
step has a regularizing ehect on derivatives of order two or greater. A simplified version of the 
same idea was already used in the proof of Proposition 12.61 One advantage of our procedure is 
to avoid the loss of derivatives; other advantages will become clear in the course of the discussion 
and these include the convergence rate to the identity of the resulting sequence; see Remark 14.71 

After this brief overview of the material to be developed below, we begin to provide accurate 
dehnitions. We shall work with the pseudogroup generated by S' = {gi,... ,^7v} on the inter¬ 
val / C M where ^1 ,... generate a non-solvable group. Also, and whereas we shall primarily 
think of ^1 ,..., as maps dehned on J, it is sometimes useful to keep in mind that all of these 
maps mere restrictions to / of global analytic diheomorphisms of S^ (still denoted by ^1 ,... 
respectively). 

Following Ghys EB. let us associate to the set S = {gi,... ,g]s[} a sequence of sets S{k), 
k = 1,2,.. inductively dehned as follows: 
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^( 0 ) = ^ 


• S{k) is the set whose elements are commutators of the form [fi^ , where fi G S{k — 1) 
and fj G S{k - 1) U S{k - 2) {fj G 5(0) if A; = 1). 

Still according to Ghys EH. the resulting sequence of sets S{k) is never reduced to the identity 
since S = {gi,... ,^jv} generates a non-solvable group. This also yields the following: 

Lemma 4.1 For every /c G M, the subgroup generated by S{k) U S{k — 1) is non-solvable. 

Proof. Assume there were k E N such that T = {S{k)US{k — l)) is solvable, where {S{k)US{k — l)) 
stands for the group generated by S{k) U S{k — 1). Since T C Diff‘^(5^), there follows that T 
is, indeed, metabelian, i.e. its derived group Zl^T is abelian. Recalling that D^T is the group 
generated by all commutators of the form [71,72] where 71, 72 G T, there follows that the sets 
5(/c + 1) and 5(fc + 2) are contained in H^T. Since H^T is abelian, the definition of the sequence 
of sets {5(A:)} promptly implies that the set S{k + 3) must coincide with {id}. Hence the initial 
group generated hy g^,... ,gj.^ must be solvable. The resulting contradiction proves the lemma.^ 

By virtue of Proposition 13.51 we obtain the following corollary: 

Corollary 4.2 In order to prove Theorem A, we can assume that the elements in S{k)US{k-\-l) 
do not share a common fixed point (and this for every k eN). □ 

From now on, we set / = [—a, a] C M, a > 0, with the obvious identifications. Given £ > 0, we 
permanently £x a set of diffeomorphisms ^1, ... generating a non-solvable group and e-close 
to the identity in the C^-topology on I. The value of e > 0 convenient for our purposes will only 
be hxed later. In the rest of the section, these conditions are assumed to hold without further 
comments. 

Unless otherwise mentioned, in what follows we shall say that f '■ F F I cM—)-Misa 
diffeomorphism meaning that / is a diffeomorphism from /' C M to f{I') C M. Let us begin our 
discussion by stating a simple general lemma. 

Lemma 4.3 Given Cq > 0 small and m > 1 , there is a neighborhood W™ of the identity in the 
C'^-topology on I such that the commutator [/i, /2] = fio f 2 ° ff^° ff^ satisfies the two conditions 
below provided that /i, /2 belongs to 

• Viewed as an element of the pseudogroup generated by /i,/2 on I, the map [/i,/2] is well 
defined on [—a -\- 5eo, a — 5eo]. 

• There is a constant C > 0 such that the C'^~^-distance ||[/i,/2] — id||r-i,[-a+5eo,a-5eo] from 
[fi, /2] to the identity on the interval [—a -|- 5eo, a — 5eo] satisfies the estimate 

II [/15 /2] id||m—1,[—a+5eo,a—5eo] ^ ^ ll/l ^^11 m,[—a,a] 11/2 - id||„*J_a,a] 

where ||/i - id||mj_a,a] (resp. II/2 - id||m,[-a,a]2> stands for the C'^-distance from fr (resp. 
/2y) to the identity on the interval I = [—a, a]. □ 
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The reader will note that the constant C in the above lemma depends only on the neighborhood 
W™. In particular C does not increase when the neighborhood is reduced. 

We now focus on the case m = 2 (see Appendix for a more general discussion). Since we can 
always reduce £ > 0, the neighborhood Uq can be chosen as 

= {/e C'^([-a,a]) ; ||/- id||2,[-a,a] < £} (1) 

where C^([—a, a]) stands for the space of C^-functions dehned on [—a, a] and taking values in M. 
For this neighborhood the constant provided by Lemma [4.31 will be denoted by C and the 
value of C does not increase when e: decreases. 

Now we state a simple complement to Lemma [4.31 

Lemma 4.4 Up to reducing e > 0, for every pair /i, /2 G Uq the second derivative ffl of 

the commutator [fi, /2] on the interval [—a + 5eo, a — 5eo] satisfies the estimate 

sup 1L)2 [/i,/ 2]| < 5 max {|L)Vi1 , 1^^211 

a:E[—a+5eo,cc—5eo] 

where D'^fj stands for the second derivative of fj, j = 1,2. 


Proof The proof is elementary and we shall summarize the argument. For j 
dehnition of Uq yields (see ([T])) 


1 — e: < \Dlfj\ < 1 + £ and 


< 


1 + e \D^xfj 

for every x G [—a, a]. Concerning the inverses of /i, /2, we also have 

1 


< 


Dlf-^ = 








and DJ- = 






1,2, the very 


Next we compute the second derivative of [/i, /2] at a point belonging to [—a + 5eo, a — Scq]. In 
this calculation, the points at which the several derivatives are evaluated will be omitted: since 
[fi, / 2 ] is well dehned on [—a + 5eo, a — 5eo], it suffices to know that all these points belong to the 
interval {—a, a). Since D^[fi, f 2 \ = fi.D^ f 2 .D^ fU^.D^ ff^, we obtain 


DV 1 J 2 ] 


+ D^f,.D^f2.D^fr\{D^fyY" + D^h.D^h.D^fyfD^fy^ . 


Therefore on [—a + 5eo, a — Scq], we have 

^ '{l + ef {1 + eY {l + ef 

< - - - + - - - + - - — + 

- 


(l+£) 

(1-^) 

(l+£) 

(1-^) 


max{D‘^ fi, D'^ f2} . 


Up to choosing e sufficiently small, there follows that |Zl^[/i,/2]| < 5 max{|Zl^/i|, |Z1^/2|} prov¬ 
ing the lemma. n 


Let us now begin the construction of a sequence of diffeomorphisms in G converging to the 
identity in the C^-topology on / = [—a, a]. First recall that non-solvable subgroups of Diff‘^(S'^) 
are known to have elements with hyperbolic hxed points (see for example [E-Tj L Let then F G G 
be a diffeomorphism satisfying F(0) = 0 and F'(0) = A G (0,1). The next step is to dehne a new 
sequence {S'(/c)} of subsets of G. The sequence {S'(fc)} will depend on a hxed integer n E N* 
which will be omitted in the notation. To dehne the sequence {S'(fc)} we proceed as follows: 
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• *S'(1) is the set formed by the commutators having the form [F "■ o o F^, F ” 0/20 F^] 
where /i, /s G S. Thus ^(1) = F”” o 5(1) o F”. 

• S{k) is the set formed by the commutators [F~"'o f^oF^, F“"'o/ 2 oF"'] with /i, /2 G S{k — 1) 
and by the commutators [F^^o/j^oF”, F“^"'o/ 2 oF^"'] with /i G S{k — 1) and f 2 G S{k — 2). 

In other words, the sequence {5(fc)} verihes S{k) = F~^^ o S{k) o F^^ for every A; G M. Taking 
advantage of the fact that all our local diffeomorphisms have global realizations in G as a group 
of diffeomorphisms of the circle, we obtain the following: 

Lemma 4.5 The sequence of sets S{k) never degenerates into {id}. 


Proof. When all the diffeomorphisms in question are globally viewed as diffeomorphisms of the 
circle, the set S{k) is conjugate to the set S{k), for every k E N. The statement follows then 
from Ghys theorem claiming that the initial sequence S{k) cannot degenerate into {id} provided 
that G is non-solvable. □ 

The global realizations of our diffeomorphisms ensure that the domain of dehnition of elements 
in S{k) are always non-empty as every diffeomorphism is clearly dehned on all of S^. However, 
going back to our local setting where the initial G^-maps ... ,gj^ are dehned on [—a, a] and 
where the domains of dehnition for their iterates are understood in the sense of pseudogroup, the 
content of the last statement becomes unclear. In other words, in the context of pseudogroups, 
the statement of Lemma 14.51 is only meaningful for those elements in S{k) having non-empty 
domain of dehnition when viewed as elements of the pseudogroup in question. In any event, the 
estimates developed below will show that this is always the case provided that we start with a 
sufficiently small £ > 0 . 


Now consider a sequence {fj} of elements in G so that fj G S{j) and fj 7 ^ id for every j G N. 
Set 


g^ = F-^^ o fj o F^F 


Owing to Corollary 14.21 we can assume that fj (0) 7 ^ 0 for every j G N. The central result of this 
section reads as follows: 


Proposition 4.6 Up to starting with a sufficiently small e > 0 and an appropriately chosen 
n G N*, the above constructed sequence {gj} of elements in G converges to the identity in the 
G'^-topology on all of the interval [—a, a]. 

Recall that A = F'(0). Therefore, modulo changing coordinates, we can assume that F{x) = 
Ax for every x G [—a, a], [St]. In these coordinates, gj becomes gj = fj{X^ x). Fix eo > 0 
small (for example eo = a/20). We choose £ > 0 and n G N so as to fulhl all the conditions 
below. 

(A) - The value of n is chosen to be the smallest positive integer for which the following 
conditions are satished: 

0 < X^a < a — 5eo and A"' < 1/20 . 

(B) - Lemma 1473) holds on Uq for some G > 0. 
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(C) - e > 0 is small enough to ensure that Lemma [4.41 holds and that 

emaxKA-^ + l)^, (A-'^ + l)} < 1/10. 

Proof of Proposition \4^ The proof is by induction. First consider a diffeomorphism gi G *S'(1). 
By assumption, gi = A“”/i(A"^a;) for some /i given as a commutator for some G 

{1,..., N}. Owing to Lemma 14.31 /i is defined on [—a + 5eo, a — 5eo] when viewed as element 
of the pseudogroup generated by g^,... ,g^ on [—a, a]. Furthermore, the O^-norm of fi — id on 
[—a + 5eo, a — 5eo] satisfies 

II/l — id||l,[-a+5eo,a-5eo] < C . (2) 

Next observe that gi = A“" fi{X^x) is defined on all of [—a, a] since A"a < a — 5eo. Moreover, we 
clearly have: 

sup \gi{x)-x\= sup |A“”/i(A”a;) - a;| = A"” sup \fi{y)-y\- 

xG[— a,a] xG[—a,a] yg[—a+5eo,a—5eo] 

Similarly 

sup \Dlgi-l\= sup |Dj/i-l|. 

x&[—a,a] y£[—a+5eo,a—5eo] 

In particular, we obtain 

sup \gi{x) — x| + sup \Dl.gi — 1| < (A“” + VjCe^. (3) 

a,a] x£[—a,a] 

Finally, the second derivative of gi at a point x G [—a, a] is such that D^gi = D\n^fi so that 
sup |L>^(^i - id)| = sup \Dlgi\ < max {\Dlg^\ , \Dlgj\} < 5A"£ , (4) 

x£[—a,a] x^[—a,a] 

where we have used Lemma [4.41 Comparing Estimates Q and (jl]), there follows that 

IIS'! - id||2,[-a,a] < (A "■ + l)Ce^ + 5A"'£ - io’^io^4^2 

where conditions (A), (B), and (C) concerning the choices of £, n, and the constant C were used. 
In particular, we see that gi belongs to Wq. Since gi is an arbitrary element of S'(l), we conclude 
that S'(l) C Uq so that the procedure can be iterated. Consider then g 2 = ^~^[fi,fj] ° {X"'x) 
where fi, fj belong to S'(l) U Repeating word-by-word, the preceding argument we 

eventually obtain 

||c/2 -id||2 ,[-a,a] < “ 

(in particular g 2 is dehned on all of [—a, a]). However an element g^ G 5(3) can be written as 
93 = h] o A"x where fi, fj satisfy 

max{||/i - id|| 2 ,[-a,a] ; ||/i - id|| 2 ,[-a,a]} < £/2 . 

Therefore, what precedes allows us to conclude that 

||^3-id||2,[-a,a] < 

Now a straightforward induction shows that 

||£/2 fc-id||2 ,[-a,a] < ^ (5) 

and completes the proof of Proposition 14.61 n 
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Remark 4.7 Consider a sequence gi,g 2 ,... so that gk G S{k) as above. Consider also the 
sequence of real numbers given by {\\gk — id|| 2 ,[-a,a]}- Estimate (E]) shows that the subsequence 

of {\\gk — id|| 2 ,[-a,a]} formed by those gk with even order decays at least as l/\/2 . In fact, it 
can be shown that the entire sequence {\\gk — id|| 2 ,[-a,a]} decays faster than 0^ for every a priori 
given 0 > 0. Indeed, the choice of £ > 0 made in condition (C) can be modihed by replacing the 
1/10 on the right side of the corresponding estimate by a sufficiently small 5 > 0. Note that this 
change does not affect either n or the constant C whereas it allows us to obtain a hner estimate 
than e/2 for H^fi — id|| 2 ,[-a,a]- A standard induction argument then yields a faster exponential 
decay for the sequence {\\gk — id|| 2 ,[-a,a]}- In turn, we have show that every element gk in S{k) 
satishes \\g 2 k — id|| 2 ,[-a,a] < £/2*^ so that there is fco G N for which every element in S{k) satishes 
the estimate in condition (C) with 6 in the place of 1/10. Thus, up to dropping hnitely many 
terms, the sequence {gk} converges to the identity faster than 0*^. Since only hnitely many terms 
have been dropped, there follows that the initial sequence {gk} converges to the identity faster 
than This simple observation will be useful in the next section. 


5 Expansion, bounded distortion and rigidity 


In this section we shall complete the proof of Theorem A up to Proposition 15.31 whose proof is 
deferred to the next section. We begin by recalling that the argument in |G-T] reduces the proof 
of Theorem A to checking that h is a diffeomorphism of class C^. The remainder of the section 
will be devoted to proving this statement under the conditions indicated below. 

To make the discussion accurate, let Gi and G 2 be two hnitely generated subgroups of Dih‘^(S'^) 
that are conjugate by a homeomorphism h : ^ . By assumption, the group Gi is locally G^- 

non-discrete. In view of the material presented in the previous sections, the following conditions 
can be assumed to hold without loss of generality. 


1. All the orbits of Gi are dense in (in particular Gi has no hnite orbit). The same 
condition applies to G 2 since these groups are topologically conjugate. 

2. There is an interval I = [—a, a] C M C (a 7 ^ 0) and an element Fi in Gi satisfying 
Fi(0) = 0 and E((0) = Ai G (0,1). 

3. For every e > 0, we can hnd a hnite set C Gi satisfying all the conditions 

below: 

• gi i,... ,^i 7 v £-close to the identity in the C'^-topology on / (where / = [—a, a] is 
the above chosen interval). 

• g^ ... ,gi generate a non-solvable subgroup of Dih‘^(S'^) having no hnite orbit. 

• Consider the sequence Si{k) dehned in Section 4 by means of the set *S'i(0) = 5'i(0) = 
Si = {^ 1 ^ 1 ,..., ^i,Ar} so that Si{k) = o Si{k) o for every k & N and a certain 
hxed n G M*. Then every sequence of elements {gi^k} with gi k G S{k) converges to 
the identity in the C^-topology on the interval /. 

4. In fact, if {gi^k} C Gi is such that gi^k G 5'i(fc), k eN, then for every 0 G we have 


lim 

/c —>00 


id||2,[— a,(2] 
0fe 


0 . 


( 6 ) 
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Next recall that a point p E is said to be expandable for a given group G C Diff‘^(S'^) 
if there is g E G such that g'{p) > 1. Since our diffeomorphisms preserve the orientation of 
S^, the reader will note that the conditions g'{p) > 1 and \g'{p)\ > 1 are equivalent. With this 
terminology, we state: 

Theorem 5.1 Assume thatGi satisfy all the conditions l-f above. Assume also that every point 
p E is expandable for G 2 . Then every homeomorphism h : ^ conjugating Gi to G 2 

coincides with an element o/Diff‘^(S'^). 

The following simple lemma clarihes the connection between Theorem A and Theorem 15.11 

Lemma 5.2 Assume that G C Diff‘^(S'^) is a locally G'^-non-discrete group satisfying conditions 
I -4 above. Then G leaves no probability measure on invariant. Moreover, every point p E 
is expandable for G. 

Proof Since G has all orbits dense, every probability measure invariant by Gi must be supported 
on all of S^. As previously seen, up to parameterizing by the corresponding Radon-Nikodym 
derivative, the group Gi becomes conjugate to a group of rotations. This is impossible since G 
contains elements exhibiting hyperbolic hxed points. 

To establish the second part of the statement, we proceed as follows. Consider hrst the case 
of a point p in the interval I = [—a, a] where G contains a diffeomorphism F satisfying F(0) = 0 
and R^(0) E (0,1). Owing to the discussion in Section 2.1, I is equipped with a nowhere zero 
vector held X contained in the C^-closure of G. Choose then to so that the local how 0* of X 
satishes (j)^°{p) = 0. Therefore the diheomorphism / = o F o satishes f{p) = p and 
f{p) > 1. Since X lies in the C^-closure of G, there follows that is the C^-limit of a sequence 
fr of elements in G restricted to some small neighborhood of p. Thus, for r large enough, we 
conclude that {fp^ o F o frYip) > 1 proving the statement for points in /. To hnish the proof of 
the lemma, just note that the minimal character of G enables us to hnd a hnite covering of by 
intervals satisfying the same conditions used above for the interval /. The lemma then follows.Q 

Proof of Theorem A. It follows at once from the combination of Theorem 15.11 with Lemma [521 q 

The rest of this section, will be devoted to the proof of Theorem 15.11 To begin with, let us 
state Proposition 15.31 For this, hrst note that diffeomorphisms in Gi having a hyperbolic hxed 
point in I are far from unique. We have hxed one of them, namely Fi. The element F 2 of G 2 
verifying F 2 = h~^ o Fi o h has therefore a hxed point in the interval J = h~^{I), namely the 
point q = h“^(0). However, since h is only a homeomorphism, we cannot immediately conclude 
that q is hyperbolic for F 2 . In fact, whereas F 2 certainly realizes a “topological contraction” on 
a neighborhood of q, it may happen that F^iq) = 1. The possibility of having F^iq) = 1 is a 
bit of an inconvenient since it would require us to work with iterations of a “parabolic map” in 
a context similar to the one discussed in Section 2.1. This type of difficulty, however, can be 
overcome with the help of Proposition 15.31 fbelow). The proof of this proposition will be deferred 
to the next section and it relies heavily on the methods of |DKN-1] . 

Proposition 5.3 Without loss of generality, we can assume that F^^q) < 1 where q = h“^(0). 

Now consider a (P^-diffeomorphism f : ^ S^. Given an interval U G M. G S^, the distortion 

of f in U is dehned as 

^{f,u) = sup \ogyJfjr = suplog(|/'(a;)|) - inf log(|/'(|/)|) (7) 

x,yGU \J {y)\ xeu y^u 
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where | . | stands for the absolute value. Furthermore, assuming that the map x i—)■ \og{\D^f\) 
has a Lipschitz constant Clip, the estimate 


^{f,U)<CupC{U) ( 8 ) 

holds (where C {U) stands for the length of the interval U with respect to the Euclidean metric for 
which the length of is equal to 27t). Note also that the mentioned Lipschitz condition is satished 
provided that / is of class on U. On the other, given two diffeomorphisms /i ,/2 : —)• 

as above, the estimate 

(/i o /2, U) <w (/i, f2{U)) + (/a, U) (9) 

holds provided that both sides are well defined. 

Let us now go back to the sequence of sets {S'!(A;)} C Gi hxed in the beginning of the section. 
Every element in S'i(fc) is dehned on the interval I = [—a, a] and this holds for every /c G N. 
Next recall that this sequence was obtained as indicated in Section 4 by means of the hnite set 
... ,^i Ar} C Gi and of the diffeomorphism Fi. In particular Si{k) = o S'i(A;) o Ef”. 
From now on, we fix a sequence {gi,k} C Gi of diffeomorphisms such that gi^k 7^ id belongs to 
S'i(fc) for every k eN. Consider also the corresponding sequence {S' 2 (A;)} C G 2 dehned by means 
of {^ 2 , 1 ) • • • )^ 2 ,Af} “F G 2 and of the diffeomorphism F 2 . More precisely, we set °9i,j ° ^ 

for every j = 1,... ,N and F 2 = h~^ oFioh where F 2 is assumed to have a contractive hyperbolic 
hxed point at j = h~^{0) (cf. Proposition l5.3p . Thus, for every A; G N, we have g 2 ^k = og^ j^oh. 
Finally we also pose J = 

Next, for every k E N, let Vi^k denote the partition of the interval I into 5^ sub-intervals 
having the same size and let Vj^k = {h,k, ■ ■ ■ ,h'^,k}- By means of the homeomorphism h, the 
partitions Vi^k induce partitions Vj^k = {Ji,k, ■ ■ ■, of the interval J where Jj^k = h~^{Ij^k) 

for every A: G M and for every j E {1,..., 5^}. Now we have: 

Lemma 5.4 Denote by vj {g 2 ^ki Ji^m) the distortion of g 2 ^k the interval Ji^^k- Then to each 
A: G N there corresponds Ik E {!,..., 5^} such that the resulting sequence k 1 —)■ zu {g 2 ,k, Jik,k) 
converges to zero. 

Proof. Consider the set formed by the diheomorphisms ^2 15 • ■ ■; ^2 v; -^2 along with their inverses. 
The semigroup generated by this set of diheomorphisms coincides with the group generated by 
^ 2 , 1 ) • • • )^ 2 ,V) cind F 2 (the set formed by ^ 2 ,i) • • • )^ 2 ,Af) -^2 and their inverses is symmetric in the 
sense that whenever a diheomorphism belongs to it so does the inverse of the diheomorphism in 
question). Every element in the group in question can be represented as a word in the alphabet 
whose letters are the diheomorphisms in the initial (symmetric) set. If / represents an element 
in this alphabet, i.e. a letter, the map x 1 —)■ \og{\Dxf\) is well dehned on all of (since D^f 7 ^ 0 
for all a; G S^). These maps are also Lipschitz on all of since / is, in any event, a G^- 
diheomorphism. Fix then a positive constant G greater than the maximum among the Lipschitz 
constants of all the maps x 1 —)■ \og{\Dxf\) with / belonging to the alphabet in question. 

The explicit construction of the sequences {gi^k} and {g 2 ,k} rnakes it clear that every dif¬ 
feomorphism g 2 ^k belongs to the semigroup generated by ^2 i) ■ ■ ■ )^2 Af; -^2 and their inverses. 
Moreover, as element in this semigroup, the diheomorphism g 2 ^k can be spelled out in at most 
4^ -|- 2nk letters. Next let Ci be a constant such that CiC (J) > 27i (where C (J) stands for the 
length of J). Note also that every diheomorphism / of the circle must satisfy C {f{J)) < 271. 

Now hxed A: G N, let ( 72 ,fc = /; ° • • • ° /i denote the above mentioned spelling of 772 ,fc- Thus 
/ < 4 ^ -|- 2nk and fi belongs to {F.^^,gf^,... every i E The subadditivity 
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relation expressed by ([2]) combined to estimate ([H]) yields 


i 

^ { 92 ,k, J) < ■ ■ ■ ° fiiJ)) + C C{J) < c,C C (J) (4" + 2nk). 

i=l 

On the other hand, given an sub-interval Jj^k in the partition Vj^k (so that j G {1,..., 5^}). The 
preceding argument ensures that 

i 

^ (fi' 2 ,fc, Jj,k) < C'^C{fiO ■ ■ ■ O /i(Jj,fc)) + C C{Jj^k) < ciC C{Jj^k){4:’" + 2,nk). 

i=l 


However, we clearly have 


s'' 


E 


_ ^=1 


° /i(4fc)) 


5^ I 

j=l i=l 


Hence there follows that 


5'“ 

{92,k, Jj,k) < CiC C (J) ( 4 ^ 2 nk). 
i=i 


Finally, if j(/c) realizes the minimum oi j w { 92 , k, Jj,k) over the set 5^}, we conclude 

that 


^ {. 92 ,ki Jj(k),k) — 


CiC'£(J)( 4 ^ + 2 nfc) 
5^ 


which goes to zero as k ^ 00 . The proof of the lemma is completed. 


□ 


As k increases, we know that 92 ,k{y)—y converges uniformly to zero on all of J. However, when 
we consider the sequence of sub-intervals Jj{k),k their diameters go to zero as well. A comparison 
between sup^^g^ \92,k{y) — y\ and the length C{Jj(^k),k) of Jj(k},k will however be needed. In 
particular, we would like to claim that the sequence of quotients sup^gj^.^^^ ^ \92,k{y) —y\/k^ {Jj{k),k) 
converges to zero as fc —)■ 00 . At this moment, our results are not sufficient to derive this 
conclusion since we have no control of the ratio between the lengths of two interval Jji{k),k and 
Jj 2 {k),k- The desired convergence, however, will follow at once from Proposition 15.51 below. 


The next step consists of magnifying the intervals Ij{k),k and Jj{k),k into intervals with diame¬ 
ters bounded from below by a strictly positive constant. To do this, we shall resort to a slightly 
more straightforward version of the celebrated “Sullivan’s expansion strategy” as expounded in 
|Nv] and |S-S] . The main difficulty in applying Sullivan’s type of argument to our situation lies 
in the fact that the procedure needs to be simultaneously applied to both groups Gi and G 2 - To 
achieve this, we shall hrst establish that the conjugating homeomorphism h : ^ is Holder 

continuous for a suitable exponent (Proposition 15.51 below). Proposition 15.51 will subsequently be 
combined with the several estimates involving convergence rates for the sequences {gi,k}km and 
{ 5 ' 2 ,A:}A;eN (restricted to the intervals Ij{k),k and Jj{k),k, respectively) to yield Theorem A. 


Recall that a map f : U <Z ^ is said to be a-Holder continuous on the interval U if the 
supremum 

\f{x)-f{y)\ 


sup 

x,y&Ux^y 


\x - y\^ 


(10) 


is hnite (where the bars | . | stand for the hxed Euclidean metric on S*^). The above dehnition 
is local in the sense that the length of U and of f{U) are assumed to be smaller than vr so that 
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the above indicated distances are well defined. We shall say that / is a-Holder continuous if its 
restriction to every interval U satisfying niax{£(17), C{f{U))} < vr is a-Holder continuous on 
U. With this terminology, we have: 

Proposition 5.5 There is a > 0 such that the homeomorphisms h : ^ and h~^ : ^ 

are both a-Holder continuous. 


We begin the proof of Proposition 15.51 bv recalling that to each point p & there corresponds 
a diffeomorphism fi^p G Gi with fi,p{p) > 1 (Lemma I5.2p . Owing to the compactness of S^, 
there is a finite covering ifi = , L^i,s} of by open connected intervals Ui^i, i = 1,..., s, 

satisfying the following conditions: 


• For 2 < i < s — 1, the interval Ui^i intersects only the intervals and The 

interval f/i^ (resp. Ui^s) intersects only the intervals f/ 1,2 and Ui^s (resp. and 

• To each interval Ui^i there corresponds a diffeomorphism fi^i G Gi such that f[ ^{x) > 1 for 
every x EUi^i (recall that Gi and G 2 preserve the orientation of 5^). 


Let THi > 1 be given as 


mi = min { inf f[ - } . 
iG{l, Ui^i 


Similarly let Mi = maxjgji,, sup^/^ i /i i }• Next let L > 0 denote the minimum of the lengths 
of the sets t /14 fl Ui^s and Ui^i n Ui^i+i (for i = 1,..., s — 1) so that every interval [a, b] C of 
length less than L is contained in some interval (ii G {1,..., s}). For [a, b] as indicated, the 
derivative of is not less than mi > 1 at every point in [a, b] and the length C (/i,n([a, &])) of 
/i,ii([a, &]) is at least mi £ ([a, 6 ]) > C ([a, b]). When C (/i^jj([a, 6 ])) is still less than L, /i,ii([a, b]) 
is again contained in some interval Ui^i^. Thus /i,i 2 (/i,ii ([®) ^])) length greater than or equal 
to ml C ([a, b]) and the procedure can be continued provided that C ° &])) < L- Thus 

we have proved the following: 


Lemma 5.6 To every interval [a, 6] C whose length (b — a) is less than L, we can assign an 
element F[a,b] £ Gi satisfying the following conditions: 

i- ^i,la,b] = fi,ir o • • • o fii^ where each ii belongs to 

2. For every I G r}, /i,ii_i o • • • o /i,i^([a, 6]) is contained in Ui^^ (where fi,ii_^ o • • • o 

/i,n([a,^]) = hb] if I = 1). 

3. We have 

L<CiFi,[a,b]ihb]))<LMi. 


□ 


Recalling that ili = {t/i^,..., we define a new covering it 2 of by letting if 2 = 

{f/ 2 , 1 , • • •, U 2 ,s} where U 2 ,i = h~^{Ui^i) for every i = 1,..., s. To every diffeomorphism £i,[a,fe] = 
/i o • • • o /i G Gi as above, we also assign the corresponding diffeomorphism 

F2\a,b] = f2,ir O • • • O /2,n = h~^ O Fi^[a,b] ° h 

where f 2 ,y = h~^ o fi^^ o h for every I G {1,... ,r}. Clearly the diffeomorphism F 2 ,[a,fe] takes 
the (small) interval h~^{[a,b]) to the interval h“^(Fi [„ fe]([a, 6])) whose diameter is bounded from 
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below by a positive constant since h is nniformly continnons {S^ is compact). Moreover we can 
still define 

Ma = max {snp/ 2 ^J 

so that M 2 > 1. However at this point we cannot ensure that inff/^i /ai > 1 ^ given i G 

Before proving Proposition 15.51 we note that the roles of Gi and Ga in the above construction 
can be reversed since, by assumption, every point in is expandable for Ga as well (see the 
Theorem 15.11) . 

Proof of Proposition \5.5[ By using the above introduced coverings ifi and ila of S^, we are going 
to show the existence of a > 0 so that h is a-Holder continuous. By reversing the roles of Gi 
and Ga as indicated above, the same argument will also imply the a-Holder continuity of h~^ as 
well (up to reducing a > 0 ). 

To prove that h is a-Holder continuous, we first observe that the statement has a local char¬ 
acter. More precisely, considering points c 7 ^ d in we need to find constants G G and 
a > 0 such that 

\h{d)-h{c)\ <G|d-c|“ 

provided that \d — c\ is uniformly small at some level. Here the vertical bars |.| stand for 
the distance between the corresponding points for the fixed Euclidean metric (i.e. |d — c| = 
C ([c, d])). Owing to the previous discussion and to the fact that both h and h~^ are uniformly 
continuous since is compact, there easily follows the existence of a uniform r > 0 so that all the 
considerations below are well defined provided that |d —c| < r. By means of these considerations, 
we shall then establish that h is a-Holder continuous on intervals whose length does not exceed 
T and this suffices for the proposition. 

We therefore consider c, d as before and let [a,b] = h([c, d]). Without loss of generality, h 
preserves the orientation so that we set a = h{c) and b = h{d). The next step consists of 
expanding the interval [a, b] by means of the procedure summarized by Lemma 15.61 With the 
notation used in this lemma, we find Fi,[a,b] = fi,ir o • • • o /i,ii G Gi such that 

L<C{F,,l^,b]{[a,b]))<MrL. (11) 

Consider now the corresponding element F 2 ^[a,b] = h~^ o Fi^\^a,b] o h in G 2 . We also set F 2 \a,b] = 
/ 2 ,v o • • • o f 2 ,h as previously indicated. There exists a uniform d > 0 so that 


C {F2^[a,b]{h d])) > d > 0. 

Indeed, just note that F 2 ^[a,b]{[c, d]) = h“^oFija, 6 ]([a, d]) so that the claim follows from the uniform 
continuity of h~^ since C (Fi [a_ 6 ]([a, d])) > L > 0 . 

We now consider the number r of diffeomorphisms fi^i (i G {1,..., s}) appearing in the above 
indicated spelling of Tj [„ ;,]. By construction, at each iteration of /17 the corresponding interval 
is expanded by a factor bounded from below by mi > 1. Hence we obtain 


\b-a\m[ ^ ^ 
LMi - 


( 12 ) 


On the other hand, considering F 2 \a,b] = / 2 ,v o • • • o f 2 ,ii, there also follows that at each iteration 
of / 2 ,i the interval in question cannot be expanded by a factor exceeding M 2 . Hence, we similarly 
obtain |d — cjM^ > d so that 

Id — cl Ml 
1 < - ' 2 
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Putting together Estimates (fT^ and (fT^ . we conclude that 


Id — c| M 2 ^ |6 — a| m 


Thus 


LMi 


LMi /M 2 

\b — a\ < —^ a — c — 
0 V mi 


(14) 


Without loss of generality, we can assume M 2 > rrii for otherwise the preceding estimate implies 
at once that h is Lipschitz. Note, however, that Estimate flT^ also yields 


r < 


In mi 


(In(LMi) — In |6 — a|) . 


(15) 


Therefore Estimate flTTl) becomes 


LMi / -ln\b-a\/lnmi 


0 \mij 


\d — c\ ( — 

\mi 


Let now 


^ LMi 

Cl = —r— and c = — In 

0 \mij 


\mi) 


Note that c > 0 since M 2 > mi and In mi > 0 since mi > 1. Hence there follows 

\b — a\ < (Pild — c| exp(ln |6 — 

< Cild-cllfe-al-C 

The proposition now results by choosing a = 1/(1 + c) and C = C^. □ 

We are almost ready to prove Theorem 15.11 The last ingredient needed in our proof consists 
of a simple estimate for the second derivatives of Ei [^, 6 ] and This is as follows. Keep the 

preceding notation and £x again intervals [a,b] and [c,d] such that h{[c,d\) = [a, 6]. Then we 
have: 

Lemma 5.7 There are constants C > 0 and jd G (0,1) such that 

maxJ sup \D‘^Fi^^a,b]{x)\ ; sup \D‘^F 2 ^[a,b]{y)\\ < C\h - . 

|^xe[a,b] y&[cA J 

Proof. Let M be a constant satisfying 


max <sup|Zl^/ij| ; sup |Zl^/2 / > < M. 

i=l,...,s ’ J 

First we will show the existence of constants Ci and (di for which sup^j^j^ ;,] jZl^Fi [a 6 ](x)| < Ci |6 — 
Q|in^i_ yy-g pggj^ by recalling that Fi^[a,b] = /i,v o • • • o /i For xq G [a, b] and / G {1,..., r — 1}, 
let xi = /i,i; o • • • o /i,ii(xo). Thus we have j,](xo) = ■ ■ ■ fli^ixo) and 




Fi-i] 


i=i 




L^V 


flij-i (^i- 2 ) • • • flh (^ 0 ) 
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Hence 


<MM2^ (16) 

On the other hand, recall that r < (InLMi — In |6 — a|)/lnmi (Estimate f[TH]) h Setting Ci = 
^^ 2 inLMi/inmi^ there follows that 

Since Mi > mi > 1, the exponent —2 In Mi/In mi is negative and hence has the form ln/9i for 
some /5i G (0,1). This proves the first assertion. To complete the proof of the lemma it only 
remains to show that a similar estimate holds for \D‘^F 2 ^[a,b]\ on [c, d]. However, a repetition 
word-by-word of the above argument yields constants C 2 and (32 G (0,1) such that 

\D‘^F2,^aM{yo)\<C2\d-c\^^^^ 

for every uq G [c, d]. The desired estimate is then an immediate consequence of Proposition 15.51 
The lemma is proved. □ 

Proof of Theorem I5.il In what follows we keep all the notation introduced in the course of this 

section. Consider the interval / C (resp. J = C S'^) and the sequence of partitions 

Vi^k on / (resp. Vj^k on J). More precisely, consider the sequences of intervals k i-G- Ii^^k and 

k HG- Ji^^k where is as in Lemma l5^ 

Next set h^^k = [ak^bk] and Ji^^k = [cfc,dfc] so that Ok = h{ck) and bk = h{dk). Also a > 0 is 
fixed so that both homeomorphisms h and h~^ are a-Holder continuous (Proposition |53]). Now, 
for each k E N fixed, let Ei be the element of Gi obtained by means of Lemma EB Thus 
we have Fi^^^atM] ~ o • • • o fi,ii where each b belongs to {1 ,..., s}. Analogously we define 
F2,[ak,bk] e G 2 SO that = h~^ O Fi^[ak,bk] ° h. In particular 

F2,[akM = O • • • O f2^i^ 

with b £ {1, • • •, s}. 

By construction, all the intervals of the form {Fi^[ak,bk]i[^k,bk])} C have length comprised 
between L and LMi. Hence, up to passingjo a subsequence, jve can assume that these intervals 
converge towards an open interval I = (a, b) C with a ^ b. More precisely, this convergence 
of intervals simply means that Ai [aj,_ftj,](afc) -E- a and Fi^i^ak,bk]{bk) —t b. We also set J = = 

(c, d) C so that F 2 ^ia^fi^]{ck) -)■ c and F 2 ,[a^,bk]{dk) -t d. 

Consider now the sequences of diffeomorphisms C Gi and {f 2 ,k} C G 2 which are defined 

~ ° 9l,k ° /s.fc = -^2,[afc,6fc] O 92,k O -^2,[afc,bfc] ' 

Claim 1. The sequence {fi,k} C Gi (resp. {f 2 ,k} C G 2 ) converges to the identity in the G°- 
topology on compact parts of I (resp. J). 

Proof of Claim 1. Consider first the sequence and a point x G /. By construction the 

point y = F~y^^ fej,](^) ~ bk] provided that k is large enough. Therefore 

\Il,k{x) -x\ = \Fi^[a,,b,] O 9l,k O - ^1 

< sup |c/i,fc( 2 /)-I/I 

< \gi,k{y) - y \• 
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However is bounded by Estimate (1151) . In turn, this yields M['“ < constfor 
some constant const. In turn, up to a multiplicative constant, \bk — a^l equals 5“*^. Thus, for a 
new suitable constant Const, we obtain 

\fi,k{x) -x\< Const5''''"^i/'“”"i|5(i,fc(|/) - y\ 

which converges to zero as /c —)■ oo by virtue of condition 4 in the beginning of the section. 

It remains to show the same holds for the sequence {f 2 ,k}- Setting ^ = h~^{x) and w = h~^{y), 
the same argument used above yields 

-^1 < Const'5*^1^(2,fc(w) -w\ 

for a new constant Const'. However the a-Holder continuity of h~^ ensures that \g 2 ,k{w) — w\ < 
\9i,k{y) — 2 /1“ so that the claim follows again from condition 4 in the beginning of the section. □ 

We now consider the problem of C^-convergence for the sequences {fi,k} and {f 2 ,k}- We begin 
by recalling that the restriction of {gi^k} to converges (in particular C^) to the identity. 
On the other hand, the restriction of 5 ^ 2 ,fc to is known to satisfy the following conditions: 


(A) 

- - -)■ 0 . 

^ {Jlk,k) 

(B) The sequence {zu { 92 ,k, Jik,k)} formed by the distortion of 5 ^ 2 ,fe on converges to zero. 


Tee reader will note that item (B) is nothing but Lemma 15.41 In turn, item (A) follows from the 
above discussion since the analogous statement holds for {gi,k} (condition 4) and both h and h~^ 
are a-Holder continuous. In fact, the a-Holder continuity of h ensures that C {Ji^,k) > ^ {Iik,kY^°' 
while the a-Holder continuity of h~^ yields sup^^j^^ ^ \g 2 ,k{,w) — w| < sup^.^^^^ ^ \gi^k{x) — x|" so 
that condition 4 establishes the desired limit. 

Owing to Proposition 15.31 and to the fact Gi acts minimally on S^, we choose a point p E I 
such that the following condition holds: there are conjugate elements Fi G Gi and F 2 G G 2 
{F 2 = h~^ o Fi o h) such that Fi has a hyperbolic hxed point in p whereas F 2 has a hyperbolic 
hxed point in g = h~^{p). For the reasons already explained, we can assume without loss of 
generality that fi,k{p) Y V for every k eN (which also implies that / 2 ,fc(g) Y q)- 

The next step consists of estimating the derivative of fi^k at a point x E L For y = F~y^^ 
we clearly have /( ^(a;) = Thus, 

\Jik{x)\ < \DY^u{y)^Ua^,bk\ - DlFiXakM\ \9'i,khj)DlF-^^ + \g[^khj)\ 

< sup I \9i,k{.y) - y\ + 9'i,kYj) ■ 

[(kkybk] 

On the other hand, \bk — a,k\ is bounded by a uniform constant times 5“^. Thus Lemma EH yields 

sup < constb"''^''^ . 

Therefore condition 4 ensures that supj^^ \D‘^Fi^]^ak,bk] \ \ 9 i,k{y) — y\ converges to zero as k goes 
to inhnity. Since {gi^k} converges G^ to the identity, there follows that the restriction of fi^k 
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to every compact part of I converges to the identity as well. The claim below shows that a 
similar phenomenon holds for the sequence {f 2 ,k} as well. 

Claim 2. The sequence {f 2 ,k} converges to the identity on J. 

Proof of Claim 2. The argument is more subtle and builds on the previous discussion. Recalling 
that q = we set = Fffyak ~ 92 ,ki^k)- We also immediately note that 

Lemma 15771 still yields supj^^ |Zi)^F 2 ,[afe,fefe]| < const for a suitable constant const. For 

z E J and w = argument used above now provides 

\f 2 ,kix)\< sup |^ 2 ,fc(w)-w;|c/ 2 ,fcH+ c/ 2 ,fc(w;). 

Again supf^^^^^] \D^F 2 ,[ai^,bJ lfi' 2 ,fc(ta) - w \converges to zero so that |/{_fc(x)| becomes arbi¬ 
trarily close to 92 ki.'^)- turn, owing to Lemma 15^ the derivative 92 ki'^) becomes arbitrarily 
close to Afe. Finally we can assume that Xk converges to some A G M for A^ is uniformly bounded 
since the lengths of the intervals f 2 ,k{J) are clearly so. Summarizing what precedes, the sequence 
of maps 1/2 fc} converges uniformly on J to the constant A. To conclude that A = 1, just note 

that the sequence of primitives {f 2 ,k} converges uniformly to the identity on J (Claim 1). This 
ends the proof of Claim 2. 

To hnish the proof of Theorem 15.II we proceed as follows. We consider again the sequences of 
maps C Gi and {f 2 ,k} C G 2 . By construction, we have f 2 ,k = h~^ o fif.oh for every k eN. 

Furthermore {fi,k} (resp. {f 2 ,k}) converges C^ to the identity on / (resp. J). From this point, 
the standard argument relies on synchronized vector fields (see [R1] L This is as follows. 

Recall that /i,fc(p) 7 ^ p (resp. f 2 ,k{q) 7 ^ q) for every k E N. Moreover there are conjugate 
elements Fi G Gi and F 2 G G 2 which have hyperbolic hxed points in p and g, respectively. 
In suitable local coordinates around p ~ 0 (resp. g ~ 0), Fi becomes a homothety x 1 —)■ Kix 
(resp. Fi, 2 ; I—)■ A 22 ;. Here both Ai and A 2 belong to (0,1). Consider the effect of the conjugations 
Fi^ofi i.oF( on /i for k hxed and j E N. As explained in Section 2.1, if jik) is a suitably chosen 
sequence with j(A;) —)■ 00 , the conjugate diffeomorphisms F^ o fi,k °and F 2 '^*'^^ 0 / 2 ,^ 0 ^ 2 ^^ 
converge in the C^-topology, respectively on I and J, to non-trivial translations. Thus, we 
actually obtain non-zero constant vector helds Xi and X 2 contained in the C^-closures of Gi 
and G 2 , respectively, and whose hows and 02 satisfy the equation 

h o 02 (^) = 01 ° h{z) 

whenever both sides are well dehned. By hxing 2 ; and letting t takes values around 0 G M, we 
conclude that h is of class G^ on a neighborhood of 2 ; G J. The fact that the dynamics of Gi and 
G 2 are minimal then implies that h is of class G^ on the entire circle. The proof of Theorem 15. II 
is completed. □ 


6 Ergodic theory and conjugate groups 

This section is devoted to certain problems about topologically conjugate groups acting on 
whose solutions involve probabilistic arguments. Indeed, in what follows. Proposition 15.31 will be 
proved and Theorem 16. 3 1 will be stated and proved. Throughout the section, we hx two subgroups 
Gi and G 2 of Dih‘^(S'^) satisfying conditions 1-4 in the beginning of Section 5. In particular Gi 
is locally G^-non-discrete. 
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Lemma 6.1 None of the groups Gi and G 2 leaves a probability measure on invariant. 


Proof. The statement holds for Gi thanks to Lemma 15.21 The conclusion concerning G 2 then 
arises from the fact that these two groups are topologically conjugate. □ 

We also know that the each of the topologically conjugate groups Gi an G 2 acts minimally 
on (i.e. all their orbits are dense). Next recall that a group G acting on is said to be 
proximal if every closed interval can be mapped to intervals of arbitrarily small length by means 
of elements of G. Now we have: 

Lemma 6.2 The action of Gi (resp. G 2 ) on is proximal. 

Proof Since these groups are topologically conjugate, it suffices to prove the statement for Gi. 
Consider then the diagonal action of Gi on x leaving invariant the diagonal A (Z x . 
Note that Gi is proximal provided that this action is minimal on the open set x S^\ A. Since 
Gi is not abelian, the statement then follows from the discussion in 101 . Indeed, whereas in 
ESI the main theorem only claims a decomposition of x into finitely many invariant sets 
on which Gi acts minimally, these sets are reduced to a single one provided that the group Gi 
has no finite orbits. □ 

Concerning Lemma 16.2[ there is an alternative point of view enabling us to avoid entering in 
the details left implicit in the argument given in |R-S] . This stems from an observation due to 
Ghys in |G3] (page 362) which suffices for the purposes of this section (so that Lemma 16.21 can 
be dispensed with). According to Ghys, given a minimal group acting on S^, there is a finite 
quotient of the circle and a proximal G^-action induced from Gi on this quotient. Furthermore 
this induced action on the quotient commutes with the projection and the initial action of Gi on 
S^. As mentioned the existence of this finite quotient of where Gi induces a proximal action 
is enough for the use of the proximal condition that will be made in this section (further detail 
will be provided as they become needed). 

At this point we can already prove Proposition 15.31 

Proof of Proposition\5fM The proof is actually a by-product of the proof of Theorem F in |DKN-1] . 
The argument will be summarized below and the reader is referred to |DKN-1] for fuller detail. 
Since Gi acts minimally on S^, the lemma is reduced to proving the existence of Fi G Gi having 
a hyperbolic fixed point at p E such that the corresponding element F 2 = h~^ o F\ o h in G 2 
has a hyperbolic fixed point in g = h~^{p). 

Gonsider a finite generating set Li for Gi containing elements and their inverses (i.e. L 
generates Gi as semigroup). Denote by L 2 = h~^ o Li o h the corresponding set in G 2 . The 
sets Li, L 2 can be put in natural correspondence with a finite set of letters S and, through 
this identifications, we equip S with a probability measure p. that is symmetric (i.e. gives the 
same mass to an element and to its inverse) and non-degenerate (i.e. every element in S has 
strictly positive /i-mass). Denote by D the shift space equipped with the standard shift map 
cr : D —)• D and with the probability measure P(S) = p^. By a small abuse of notation, we shall 
identify p with measures on Li and L 2 . Similarly P(E) (resp. a) will also be thought of as a 
measure (resp. shift map) in either Lf or L^. Finally, we define maps Ti and T 2 from D x 
to D X by letting Ti(a;,x) = {aiu), fl{x)) and T 2 {uj,x) = {a{u), fi{x)) where (resp. ff) 
is the projection of u in the first copy of E viewed with the identifications corresponding to Gi 
(resp. G 2 ). 

Next denote by z/i (resp. 02 ) the stationary measure of Gi (resp. G 2 ) defined with respect 
to p. In other words, Ui (resp. 102 ) is a probability measure on whose value on a Borel set 
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B C is given by 


^i(^) = Y1 \}3)) 

seGi 

(resp. i' 2 {B) = X]( 7 eG 2 These stationary measures z/i and 1/2 are unique after 
[DKN-1] complemented by Lemma 16.11 From the uniqueness of these stationary measures, there 
follows that h*ui = V 2 - According to Furstenberg [Fuj . given a continuous function -0, the 
sequence of random variables 


Js^ 

(resp. ^ 2 ,i{oj) = /51 ■ ■ ■ fi{y 2 ))) is a martingale so that both limits 

u{vi) = lim /A .. and u{v 2 ) = hm fl ■ ■ ■ /f ( 1 / 2 ) 

1^00 1—^00 


exist for a subset of full P(S)-measure of S. 

Now recall that Gi and G 2 are proximal fLemma 16.2|) . Alternatively, recall that we can work 
with a hnite quotient of where Gi induces a proximal action. We can then work with this 
proximal action on the quotient and then lift back the result to the initial action of Gi. We leave 
the detail of this construction to the reader while observing that this latter argument is also used 
in |DKN-lj . [Dij . 

The importance of the proximal character of Gi (resp. G 2 ) lies in the fact that the resulting 
measure (resp. a;(z/ 2 )) becomes a Dirac mass as originally proved in |Anj : see also |K-N] 

and Proposition 5.2 of |DKN-lj . A topological analogue of the last assertion can be obtained as 
follows. Dehne the contraction coefficient c{g) of a diffeomorphism (homeomorphism) g of as 
the inhmum over e > 0 for which there are closed intervals U and V of sizes not greater than e 
and such that g{S^/U) = V. With this dehnition, the preceding argument on Dirac masses also 
implies that the contraction coefficients cl(fl ■ ■ ■ fl) and cl{ff ■ ■ ■ fl) converge to zero for a set 
of full P(S)-measure of S (Proposition 5.3 of [DKN-lj ). 


The rest of the proof consists of repeating word-by-word the argument detailed in Section 4.4 
of |DKN-1] (aimed at the proof of Theorem F in the mentioned paper). Indeed, for a generic 
choice of a; G S, there are a sequence of intervals f//, Vf (resp. Uf, Vj^) whose sizes converge to 
zero and such that 

fl---fl{Ul)cVi^ and fl---fliUl)cV^\ 


When Ul, Vf are disjoint then the hxed points of fl ■■■ f I are contained in these intervals (and 
the analogous conclusion holds for ff ■ ■ ■ fl G G2 since Gi and G2 are topologically conjugate). 
The argument in |DKN-1] then continues by showing hrst that f//, Vf are often disjoint. In a 
second moment, the authors use techniques of Lyapunov exponents to control the contraction 
rate so as to conclude that the hxed points are of hyperbolic nature. This ends the proof of the 
proposition. □ 


The rest of this section is devoted to the proof of Theorem 16.31 This theorem concerns the 
potential existence of topologically conjugate groups Gi and G 2 acting on with Gi being 
locally C^-non-discrete whereas G 2 is locally C^-discrete. This discussion will lead to the proof 
of Theorem B in the introduction. We begin by stating Theorem 16.31 For the rest of this section, 
F will always denote an abstract hyperbolic group which is neither hnite nor a hnite extension 
of Z. 
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Theorem 6.3 For T as above, let pi : F —)■ Diff‘^(S'^) be a faithful representation of T in 
Diff‘^(S'^) and set Gi = pi(r). Suppose that G 2 C Diff‘^(S'^) is another subgroup 0/ Diff‘^(S'^) 
which is topologically conjugate to Gi. If Gi is locally G"^-non-discrete then so is G 2 

The proof of Theorem 16.31 relies on the combination of a few deep resnlts including Theo¬ 
rem 1.1 of [Dej . Kaimanovich’s theorem in |Ka] and Connell-Muchnik construction in [C-Mj : 
cf. Proposition 16.61 For suitable background on hyperbolic groups and on measure theoretic 
methods in group theory, the reader is referred to [Ka] , [Vej . and |G-H] . 

In the sequel we assume by way of contradiction that the statement of Theorem 16.31 is false. 
Thus there are two topologically conjugate subgroups Gi = pi(r) and G 2 of Diff‘^(S'^) such that 
Gi is locally G^-non-discrete whereas G 2 is locally G^-discrete. By post-composing pi with a 
conjugating homeomorphism h, we obtain another faithful representation p 2 : T ^ Diff‘^(S'^) 
satisfying 

P2(7) = °Pi(7) ° h 

for every 7 G T and where G 2 = P 2 (r)- In other words, the representations pi and p 2 are 
topologically conjugated by h. We begin with the following lemma. 

Lemma 6.4 Without loss of generality we can assume that the group G 2 is locally G^-discrete. 

Proof. The proof relies on Theorem 15.11 In fact, according to this theorem, the only possibility 
for Gi being locally G^-discrete occurs when G 2 has a non-expanding point. Hence to prove the 
lemma it suffices to check that a locally G^-non-discrete subgroup of Diff‘^(S'^) (having all orbits 
dense and leaving no probability measure invariant) expands every point p E S^. 

Consider then a diffeomorphism F 2 G G 2 having a hyperbolic hxed point q E S^. In local 
coordinates around g ~ 0, we then have F 2 {x) = Xx for some A G (0,1). Next, suppose that 
G 2 is locally G^-non-discrete. By using the minimal character of G 2 , we then obtain a sequence 
g 2 j of diffeomorphisms in G 2 {g 2 ,j 7 ^ id for all j E N) which converges to the identity on a small 
interval (—£,£) around g ~ 0 (for some e > 0). Again the discussion in Section 2.1 allows us to 
assume that g2,j(0) 7 ^ 0 for every j E N. Thus, as shown in the end of the proof of Theorem 15.11 
there is a sequence of positive integers m{j) -E- 00 such that the corresponding diffeomorphisms 
F 2 o g 2 j o F^^^^ converge in the G^-topology on {—e,e) to a non-trivial translation. There 
also follows that the vector held d/dx on (—£,£) is contained in the G^-closure of G 2 . Since 
g ~ 0 G {—e, e) is clearly expanding for G 2 , there immediately follows that every point in {—e, e) 
must be expanding for G 2 . The lemma follows since G 2 acts minimally on 5^. □ 

Now it is convenient to revisit the notion of stationary measures in fuller detail. Consider a 
hnite generating set A = { 7 ^^,..., 7 ^, 7 ]"^,... , 7 ^^} for T containing elements and their inverses 
(so that A generates T as semigroup). Fix some non-degenerate, probability measure /i on F so 
that p gives strictly positive mass to every element of A. Note that the measure p is not required 
to be symmetric and, in addition, the set A can be strictly contained in the support of p. Next 
dehne the entropy of p by 

^(/^) = “5^/^(7)ln/i(7)- (17) 

7er 

For the time being let phe a. measure as above having hnite entropy. A specihc choice of p will 
be made only later in connection with Proposition 16.61 and with the construction in |C-M] . 

Now denote by cIF the geometric boundary of the hyperbolic group F, see lEEl. The boundary 
dr is a compact metric space which is ehectively acted upon by the group F itself. Thus we often 
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identify an element 7 G F with the corresponding automorphism of c^F which is still denoted by 

7- 

Since F is endowed with the measure /r, a unique stationary measure ur on 9F is associated 
to the action of F on dT (cf. |Ka] ). In other words, for every Borel set B G dT, we have 

M13) = /i(7)i/r(7"^(^)) 

7 Gr 

where refers to the identification of 7 G F with the corresponding automorphism of 9F. 

Next let gi^i G Gi (resp. g 2 ,i G G 2 ) be defined as gi^i = pi( 7 j) (resp. g 2 ,i = ^ 2 ( 7 *)), i = 1,..., r. 
We also pose = { 5 ( 1 , 1 ,..., 51 ,^, g^ ..., and ^i = { 52 , 1 , • • •, 92 ,r, 9^ • • • ’ 5'^}• Since both 
representations pi and p 2 from F to Diff‘^(S'^) are one-to-one, the groups Gi and G 2 become 
equipped with the probability measure p up to the obvious identifications. 

Going back to the action of Gi on Lemma 15.21 allows us to apply the main theorem of 
jPKN-l] to ensure the existence of a unique stationary measure vi for Gi (with respect to p). 
The support of vi is all of since Gi is minimal. It is also well known that Gi gives no mass 
to points. Analogous conclusions hold for the stationary measure V 2 on arising from G 2 and 
p. Now the combination of |De] with ra yields the following. 

Lemma 6.5 There is a measurable isomorphism 62 from (9F, z/p) to {S^, 122 ). 

Proof. Whereas G 2 was initially assumed to be locally G^-discrete, Lemma 16.41 shows that G 2 
is, in fact, locally G^-discrete. Recalling that the measure p is assumed to have hnite entropy, 
we apply Theorem 1.1 of |De] to the action of G 2 on S^. Since G 2 is locally G^-discrete and p 
has finite entropy, all the conditions required by the theorem in question are satisfied so that the 
Poisson boundary of G 2 coincides with its (G 2 ,/i)-boundary (see jPej . |C-M] for terminology). 

In turn, Kaimanovich theorem in lEa ensures that the Poisson boundary of G 2 can be identi¬ 
fied with (9P, z/r) (recall that G 2 is isomorphic to the fixed hyperbolic group P). Thus, to complete 
the proof of the lemma, it suffices to show that (G 2 ,/i)-boundary of G 2 can be identified with 
{S^, z/ 2 ). For G 2 proximal (and leaving no probability measure invariant, see Lemma [5.2p . this is 
exactly the contents of |An] and |K-N] . The reader willing to avoid using Lemma mav proceed 
as follows. Consider the finite quotient of where Gi induces a proximal action. This quotient 
in endowed with a unique stationary measure z/^. The pair (R^, z/^) is the (G, /i)-boundary of the 
quotient owing to the result of Antonov and Kleptsyn-NaFski. Finally, the (G 2 ,/^)-boundary of 
G 2 can then be identihed with equipped with the pull-back (still denoted by z/ 2 ) of z/^ by the 
projection map. This completes the proof of the lemma. □ 

It is implicitly understood in the statement of Lemma [6. 5 1 that 62 is F-equivariant in the sense 
that ^ 2^2 = W and 

02 07 ( 0 ;) = ^ 2 ( 7 ) o 6 ' 2 (a;) (18) 

for every 7 G F and z/p-almost all point x ^ dT. 

We can now further specify the choice of the measure p. This choice is summarized by Propo¬ 
sition |62] below which is based on the construction developed in |C-M] . To state Proposition 16.61 
let G C Diff‘^(S'^) be a finitely generated locally G^-non-discrete group leaving no probability 
measure on invariant (in particular G is not solvable and its action on is minimal). 

Proposition 6.6 Let G C Diff‘^(S'^) be a group satisfying the above conditions. Then there 
exists a measure p on G so that the following holds: 
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• fi is non-degenerate and has finite entropy. 

• The resulting stationary measure on is absolutely eontinuous. In fact, this stationary 
measure coincides with the Haar measure on . 


Proof. As mentioned, in the wake of the work of Connell and Muchnik in |C-Mj . the content of 
this proposition seems to have become known to some experts. Also, compared to the general 
setting of |C-Mj . the case of a group acting on the circle is rather particular and ideas from 
Furstenberg |Fu] might as well be sufficient to establish the statement in question. In any event, 
we shall content ourselves of explaining the main points of the proof while referring to |C-M] 
for additional information. Consider the a hnitely generated group G C Diff‘^(S'^) as in the 
statement of the proposition. 

Denote by Leb the Haar measure on S^. We look for a (non-degenerate) measure fi on G 
satisfying fi * Leb = Leb or, equivalently, such that 

Leb(e) = ^M9)L<ib(9"‘(e)) 

g&G 


for every Borel set B S^. As will follow from the discussion, the construction of fi has a 
certain degree of flexibility. This allows us to ensure that fi is non-degenerate. In any event, 
the subsequent construction makes it clear that fi can be chosen so as to take strictly positive 
values on a hnite set of G generating a locally C^-non-discrete hyperbolic group. Ultimately this 
weaker statement would be sufficient for our purposes. 

Our strategy consists of showing how the Basis Theorem of |C-M] (Theorem 6.2 in page 736 
of |C-M] i can be used to hnd solutions fi for the preceding equation. The fact that solutions 
with hnite entropy can also be found is just an additional elaboration which is carried out in 
Section 7 of |C-Mj (cf. Theorem 7.1, page 745 of |C-Mj ): this elaboration can be omitted from 
our discussion. 


Recall that a probability measure v on is said to have {Q,6)-decay if there is a constant 
Const > 0 such that 

f 1 X Const 

Mv) < 


' S^\B{x,r) d(jJ,X^^~^ 




for every x & and 1 > r > 0. The distance “d” considered here is again the Euclidean distance 
giving length one to S^. Similarly B{x,r) C stands for the ball (interval) of radius r around 
X G S'h Finally, in case Q = 0, the right hand side in the above estimate should be replaced 
by Const(1 -|- | lnr|). There follows from this dehnition that the Haar measure Leb on has 
(Q, 6')-decay for every pair (Q, 9) with Q G M and 9 > 1. 


In the sequel we will always focus on the Haar measure Leb on S^. Fix then a pair {Q, 9) with 
Q > 0 and 6* > 1 so that leb has (Q, 6')-decay. Adapting the terminology of |C-Mj to the present 
context, a continuous spike is dehned as a 6-tuple {({x),r,a,Q,9,G) where C is a continuous 
positive function on r > 0, a G 5^, and C > 1 which satishes the following conditions: 


1. C(a;) > IICII 1^00 /G on B{a, r) (where H(a, r) denotes the interval of radius r around a G S^). 

2. For each y E \ B{a,r), we have 


0 < Ciy) < C(a)r'3 


C 


B(a,r) d{%j,x')^^ 


Leb (x). 
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3. For every two points y,y' G such that d{y,y') < r, we have Civ') < C({y). 

A (continuous) spike is said to be an unit (continuous) spike if ||C||l°° = 1- 

Keeping Q and 9 hxed, consider a family iFa = {{Ca,ra,cia,Q,9,Co,)} of continuous spikes 
indexed by a 6 For every C > 1, let S'c = {a G ^ ; Ca < C}. Now we pose 

Bc{r) = IJ B{aa,ra) and Bc = f^Bc{r). 

OLinSc'f'a.<T' r>0 

With this notation, assume that the family Ba satishes the following condition: 

Condition (*) For C large enough, we have C Be- 

Consider now a family Ba of unit continuous spikes satisfying Condition (*). For this family. 
Theorem 6.2 (Basis Theorem) in |C-Mj implies the existence of countably many indices etj along 
with associated nonnegative numbers Cj such that 

OO 

5^CiCai(a:) = 1 
i=l 


with uniform convergence on 

The proof of Proposition l6.6l will hinge from this theorem. To exploit it, we hrst note that hnite 
sets can always be eliminated from the family Ba- In other words, if Ba satishes Condition (*) 
and is a new family of spikes obtained from Ba by eliminating hnitely many spikes, then 
satishes Condition (*) as well. Another simple observation is that spikes can naturally be 
renormalized to become unit spikes in the following sense: if (Cq, a^, Q, 0, Co) is a (continuous) 
spike, then (Ca/IICalU^,na, Q, 6 ^, Cq) is an unit (continuous) spike. We shall return to these 
points later. 

Next, for every g E G, let (g denote the Radon-Nikodym derivative d{g^,Leh)/dLeh which 
coincides with the usual derivative of g~^. Now we have: 


Claim 1. Assume there is a subset {ga} C G of elements in G yielding a set of function to 
which it is possible to associate spikes {{Ca,Ta,o.a,Q,9,Ga)} so that the resulting family Ba of 
spikes satishes Condition (*). Then Proposition 16.61 holds. 


Proof of the Claim 1. Up to renormalizing the functions (a-, which become Ca/IICalU°°) the 
family Ba can be regarded as a family of unit continuous spikes. Therefore there are nonnegative 
constants Cq, such that c^Ca (^)/IICa|l 1. Dehne then the auxiliary measure y by letting 
p{.ga) = CQ,/||Ca||L°°- Since we have uniform convergence and the integral of (a on equals 1, 
we conclude that 


g^G OL 


Cq 

IICa|U°° 


1 . 


Proposition 16.61 now follows from observing that 


[ 5^h(^)c?(^*Leb) = [ 


lie 


-d{gj^eh) 


ol\\L° 




dLeb 


Leb {B ). 


□ 

The next step consists of a natural relaxation on the dehnition of spikes. Consider a family 
J-a as in Claim 1 and, up to take the renormalization, assume that the spikes in Ba are already 
unit spikes. Fix an element {Ca,‘>^a,(^Q,Q,9,Ca) in Ba- Conditions numbers 2 and 3 in the 
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definition of a spike impose restrictions on the behavior of (a away from Oq, and these conditions 
can signihcantly be relaxed. Here however, a more accnrate discussion is needed. To begin with, 
we £x a sequence of elements in with Ca uniformly bounded and such that Tq —)■ 0. Note that 
Condition (*) ensures that J^a must, in fact, contain sequences as above. We can also assume 
that tta converges towards some point Ooc G so as to £x a small uniform neighborhood U G 
of ttoo- If y lies in \ U, we must have (by assumption) 


Ca{y) < CaMr^ 


[ Cg 

d{y,x)Q+^ 


dx < Const. 


for a uniform constant Const and provided that is sufficiently small. In particular Ca{y) decays 
as Our purpose is to weaken this condition as well as condition number 3 away from a^- 

For this we are led to define what we call a family of local (unit, continuous) spikes satisfying 
Condition (*). We consider again a family = {{CaCa,cia,Q,d,Ca)} of 6-tuples as before, 
except that the conditions on the functions (a will be weaker. In particular we can still consider 
whether or not Condition (*) is satished by iff since Condition (*) does not depend on the 
functions (a- Concerning the functions (a, we only impose the existence of a uniform 5 > 0 such 
that the following holds: 


(A) On the ball B{aa, S), the function satishes all the conditions required by the dehnition of 
spikes (with ||Co||l°° bounded from below by some positive constant or simply equal to 1 ). 

(B) The functions (a converge uniformly to zero on \ B{aa,S). More precisely, for r^, Oq,, 
and Ca hxed, we can choose (a arbitrarily close to zero on \ B{aa, 5). 

Families of local (unit, continuous) spikes are easier to be constructed since we only need to “hne 
tune” the functions (a on a small interval, as opposed to on all of S^. Yet, these families can be 
turned into families of actual spikes by adding to (a a positive function. More precisely, consider 
a family {(Ca, cia, Q, d, Ca)} of local (unit, continuous) spikes, satisfying Condition (*). Up to 
passing to a subset of indices, we can hnd a sub-family {(Cq,, fa, Q, 0, Ca)} of spikes satisfying 
Condition (*) and such that Co = Ca + -Ra, where Ra is a positive function. This can be done as 
follows. Consider an element {CaFa,o,a,Q,0,Ca) in the initial family. Owing to Condition (B), 
we can assume that the restriction of Ca to \ B{aa,S) is arbitrarily small and, in particular, 
small enough to satisfy the corresponding decay condition (depending only on Tq,, Q, and Ca)- 
Then we hrst set Ra = sup 3 ,g 5 i\ 5 (Q^ , 5 ) Ca{x). Thus we just need to make Ra decay to zero on an 
one-sided neighborhood of the two points corresponding to the boundary of B{aa, S). It is clear 
that this can be done while keeping the conditions verihed by Cq, on B(aa, 5). In view of this, we 
now obtain: 

Claim 2. To prove Proposition 16.61 it suffices to hnd a subset {pa} G G of elements in G 
yielding a set of function {Ca} to which it is possible to associate a family of local spikes Ra = 
{{Ca,ra,cia,Q,d,Ga)} Satisfying Condition (*). 

Proof of the Claim 2. Consider the associated family Ra = {(Ca, ’"a, Oa, Q, 0, Ca)} of spikes, with 
Ca = Ca + Ra for some Ra > 0. Now Theorem 6.2 of |C-M] ensures the existence of a set 
such that Yha^A^ ^aCa = I fo^ Suitable reals Cq > 0. Let now e > 0 be hxed. Since Cq and Ca 
are positive for all a G the preceding implies the existence of a hnite set A\ C A^ such that 

Li = 1 — Yla^Al ^aCa still a positivc function and, furthermore, satishes 

sup \Li{x)\ = sup Li{x) < e/2. 

x£S^ 
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In addition, the functions can be assumed arbitrarily small so that the convergence scheme 
of |C-Mj (Section 6) allows us to obtain 

Li = 1 — CaCa = -hi + CaRa ^ ^ ■ (19) 

aGAl aeA\ 

Clearly Li is positive. Furthermore, as already mentioned, the family of spikes Ra still form a 
basis even after eliminating hnitely many terms from it. Thus, we can now apply Theorem 6.2 
of |C-M] to hnd a set A^, A'^ D A} = 0, such that 

^ ^ CaCa ~ -^1 
a£A^ 

for certain constants > 0. 

We can now repeat the above argument to hnd a hnite set Al C A^ such that L 2 = Li — 
T.aGAl ^aeAj ^ Therefore 

L/2 1 ^ ^ CaCa ^ ^ CaCa ^ 

a£Al aeAf 

is still a positive function. The procedure can then be continued by induction to derive the 
existence of a set A such that X)aeT^«^“ = 1- The remainder of the proof of Claim 2 is totally 
analogous to the proof of Claim 1. □ 

Proposition 16.61 is now reduced to hnding a family of local spikes Ra = {{CaRa,cia,Q,d,Ca)} 
satisfying Condition (*) and obtained from elements & G hj the above indicated procedure. 
The remainder of the proof is devoted to constructing these elements in G. To hx terminology, 
we will say that a family contains enough (local) spikes if it satishes Condition (*). Similarly, 
G is said to contain enough (local) spikes if it yields (through the already mentioned procedure) 
a family containing enough (local) spikes. Finally, hxed a point p G we say that G contains 
enough (local) spikes at p if G yields a family of spikes centered at p which, once enlarged by the 
natural effect of Euclidean rotations leads to a family containing enough (local) spikes. 

To abridge notation we can assume that G is not conjugate to a finite covering of a subgroup 
of PSL (2,R). Otherwise the existence of the desired elements is well known (and established in 
a much more general setting in |C-M] ). Therefore Theorem 3.4 of [R5j yields a finite covering 
{Ji,..., Jr} of such that the following holds: for every compactly contained interval (a, b) C Ji 
and every C°°-diffeomorphism 0 : (a, b) —)■ 0(a, b) C Jj, there is a sequence {pk} of elements in 
G whose restrictions to (a, b) converge to 0 in the C'°°-topology. 

On the other hand, as previously mentioned, the group G contains a diffeomorphism F pos¬ 
sessing exactly two hxed points p,q in S^. Furthermore these two hxed points are hyperbolic 
with multipliers Ai and A 2 (say 0 < Ai < 1 < A 2 so that p is an attracting hxed point while q is 
a repelling one, cf. Theoreme F in |DKN-l] b Naturally F is linearizable around both p and q. 

Fix 5 > 0 so small that every ball of radius 6 around a point a; G 5^ is fully contained in one 
of intervals Ji^^ Jr- We shall hrst prove: 

Claim 3. For 5 > 0 as above, the group G contains enough local spikes centered at p. 

Proof of Claim 3. Without loss of generality we assume that B{p,6) is contained in Ji. The 
existence of F allows us to make the interval Ji “global” in the following sense. Consider an 
interval J = (a,b) compactly contained in \ {q}. Clearly there is a no G N* such that 
F^°{J) C Ji- Thus, by virtue of the above stated property of Ji and G, we can hnd a sequence 
of elements {pk} C G such that the following holds: 
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1 . gk{a) -)■ a and gk{b) b 

2. The restriction of each element in to J yields a seqnence of snitable spikes centered 
aronnd p in J. 

The complete the proof of Claim 3 we jnst need to consider the behavior of the seqnence of 
derivatives {g'^} on \ J. Since J is “almost fixed” by it is clear that the L^-norm of g'^ on 

\ J is small in the sense that it is comparable to the length of \ J. To see that the C'^-norm 
of g'^ can be made small as well, we proceed as follows. We can assnme that \ J is contained 
in the domain of linearization of F aronnd q. Thns, for each k fixed, consider diffeomorphisms of 
the form F~^ o F~‘^ o and so on. Since {F~^)\x) < 1 on \ J, the derivative of F~^'^ o 
is small on 5^ \ J provided that is very large. Thns we jnst need to consider the behavior 
of {F~^'^)'{gk)g'i^ on J. This however is essentially a re-scaling of the behavior of so that the 
claim follows by renormalizing again these maps into nnit spikes. □ 

To hnish the proof of Proposition 16.61 we still need to show that G contains enongh (local) 
spikes from the fact that it contains enongh (local) spikes at p. This however follows from the 
existence of constant vector helds on the closnre of G (cf. Theorem 3.4 of |R5j l that locally 
behave as rotations. Proposition 16.61 is proved. □ 

In the seqnel we fix /i on P as in Proposition 16.61 so that the resnlting stationary measnre vi 
for Gi is the Haar measnre. We are now ready to prove Theorem 16.31 

Proof of Theorem \6.3[ Let h : ^ he a homeomorphism conjngating Gi to G 2 - By way 

of contradiction, we have assnmed that Gi is locally C^-non-discrete whereas G 2 is locally 
discrete. Recall also that z/i (resp. 1 ^ 2 ) is the nniqne stationary measnre for Gi (resp. G 2 ) 
with respect to p (see |DKN-lj ). From this nniqneness, there follows again that h*i'i = V 2 - 
Fnrthermore coincides with the Haar measnre. 

Consider the measnrable isomorphism 62 : (9F, z/p) — > {S^,V 2 ) of Lemma 16.51 and dehne a 
new measnrable isomorphism 9i : (5F, z/p) —> (S'^,z/i) by letting 61 = h o 61 . The eqnivariant 
natnre of 6*2 expressed by Eqnation (ITSD combines with the fact that h*i>i = i >2 to yield 

6*1 o 7(0:) = Pi (7) o 01 (a:) (20) 

for every 7 G F and z/p-almost all point x & dT. Fnrthermore 6 li>i = z/p. Up to eliminating nnll 
measnre sets, we fix once and for all a Borel set B <Z dT having fnll z/p-measnre and such that 
Equation (I2U1) holds for every x E B and every 7 G F (in particular both sides of this equation are 
well defined). To complete the proof of the proposition, we are going to show that the existence 
of 01 is not compatible with the fact that Gi is locally C'^-non-discrete. To do this, we proceed 
as follows. 

Fix an interval I <Z along with a sequence of elements {gj} C Gi, gj 7^ id for every j G N, 
whose restrictions to I converge to the identity in the C^-topology. The existence of I and of {gj} 
clearly follows from the assumption that Gi is locally C'^-non-discrete. Now Lusin approximation 
theorem [Btj ensures the existence of a Cantor set K satisfying the following conditions: 

1. iP C / n 01 (H), i.e. K is contained in the domain of dehnition of 

2. The restriction of 0f ^ to K is continuous from K to 9F (where the reader is reminded that 
9F is a compact metric space). 

3. z/i(iC) > 9z/i(/)/10. 
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Next, for each j, let 7 ^ G F be such that pi( 7 j) = Qj- 

Claim. There is a Cantor set Kr C SF such that the restrictions of the elements 7 ^ to Kr 
converge uniformly to the identity. 

Proof of the Claim. Since {gj} converges to the identity in the C^-topology and vi coincides with 
the Haar measure, there follows that z/i(iF fl g~^{K)) converges to as j 00 . Therefore, 

up to passing to a subsequence, we can assume that 

00 

K^ = Kn[]g-\K) 
i=i 

is an actual (non-empty) Cantor set. Furthermore, by construction, iCoo C K and gj{Koo) C K 
for every j G N*. Finally let iCr = df^{,Kco)- 

To complete the proof of the claim, note that the restriction of 6*1 to is continuous since 
is continuous and one-to-one on the Cantor set K (and K^o C K). On the other hand, on 
Kr we have 

7i = Of ^ o gj o Oi 

i.e. the left hand side is well dehned on Kr. Since 6*1 is continuous on Kr and Of^ is continuous 
on ogj o 9i[Kr) C K, the fact that gj converges uniformly (and actually C^) to the identity 
implies the claim. □ 

We have just found a sequence { 7 ^} of elements in F, 7 ^- 7 ^ id for every j, whose restrictions to 
a (non-empty) Cantor set Kr C 5F converge uniformly to the identity. The theorem now from 
Lemma 16.71 below claiming that such a sequence cannot exist in a hnitely generated hyperbolic 
group. □ 

To state Lemma 16.71 recall that every element 7 G F can be identihed with the corresponding 
automorphism of 9F. Naturally 7 can equally well be identihed with its translation action on F 
which happens to be an isometry for the natural left-invariant metric on F (see |G-H] ). 

Lemma 6.7 Let T be a hyperbolic group which is neither finite nor a finite extension of'L. Let 
Kr be a Cantor set contained in the boundary 9F o/F and let { 7 ^} be a sequence of elements in 
F thought of as automorphisms ofdT. Assume that the sequence { 7 y|Kr} obtained by restricting 
7 j to Kr converges uniformly to the identity. Then we have 7 ^ = id for large enough j G N. 

Proof. The lemma is certainly well known to the specialists albeit we have not been able to hnd 
it explicitly stated in the literature. In the sequel, the reader is referred to the chapters 7 and 8 
of |G-H] for background material. 

Assume for a contradiction that 7j 7 ^ id for every j G N. Consider also a base point w G F 
along with the sequence 'jj^w). Since 7 ^ acts as an isometry of F, there follows that the sequence 
{ 7 j(tc)} leaves every compact part of F. Thus, up to a passing to a subsequence, we assume that 
7j(w) —)■ 6 G cIF. 

Next hx another point a G dT\Kr, a ^ b, and consider the family of metrics d^^a,w' on 9 F\{a} 
for a hxed (small) e > 0 and where tc' G F (see ra, page 141 ). Let fda denote the Busemann 
function relative to the point a G cIF. Since 'jjiw) —)■ b, with b ^ a, there follows from the general 
properties of Busemann functions that 

/3a{w,Jj{w)) --CX) 
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(cf. |G-H] page 136). In particular, there is some uniform constant C such that 


1 

C 


exp(-£/3a(M;,7j(n;))) < 


^e,a,'yj{w) U') 

d£^a,w{x 1 y) 


< Cexp{-ePa{w,-fj{w ))); 


see EH], page 141. In other words, the metric ds^a,'Yj{w) is bounded from below and by above 
by the metric d^^a^w multiplied by suitable constants going to inhnity as j —)• oo. However, by 
construction, these metrics also satisfy ds^a,'yj{w){lj{x),'jj{y)) = ds^a,w{x,y). Therefore 


*^e,a,ui y') 

de,aAlj{x),lji.y)) 


OO 


uniformly for every pair x ^ y in dT \ {a}. The desired contradiction now arises by choosing 
X ^ y E Kr so that 'yj{x) — )■ x and 7j(|/) — )■ y. The proof of the lemma is completed. □ 


7 Appendix: on locally C^-non-discrete groups 

For r > 2, every subgroup G of Diff‘^(S'^) that is locally G^-non-discrete is clearly locally Ghnon- 
discrete for every I < k. A sort of converse for the above claim also holds in most cases. This is 
the content of the theorem below. 

Theorem 7.1 Let G C Diff'^(S'^) be a non-solvable group and assume that G is locally G‘^-non- 
discrete. Then G is locally G°°-non-discrete. 

To prove Theorem 17.11 we shall use the same technique of regularization (or renormalization) 
employed in Section 4. By assumption there is an open (non-empty) interval I G and a 
sequence {fj}, fj 7^ id for every j G N, of elements in G whose restrictions to / converge to 
the identity in the G^-topology. In fact, arguing as in Section 3, we can assume without loss 
of generality that the following holds: for every given e > 0 , there is a hnite set ..., /^ of 
elements in G satisfying the two conditions below. 

• The group Gi-n C G generated by ..., /^ is not solvable. 

• For every i G {l,...,iV}, the restriction of to the interval I is e-close to the identity in 
the G^-topology on I. 

First we state: 

Proposition 7.2 If e > 0 is small enough, then the group Gi-n is locally G'^-non-discrete for 
every r G N. 

The proof of Theorem 17.11 can be derived from Proposition 17.21 as follows. 

Proof of Theorem \7.1\ We can assume once and for all that Gi-n has no hnite orbits, otherwise 
Theorem O follows at once from the discussion in Section 2.1. In turn, it is clearly sufficient to 
prove that the subgroup Gi-n is locally G°°-non-discrete provided that £ > 0 is small enough. 
This is equivalent to hnding an open, non-empty interval loo C on which “Gi-at is locally 
G^-non-discrete for every r G N”. More precisely, for every hxed r G M, there is a sequence 
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{/i,C''}ieN) fj,c^ 7^ id for every j G N, of elements in Gi-at whose restrictions to I^o converge to 
the identity in the G^-topology. 

On the other hand, by assumption, to every r G N there corresponds a non-trivial sequence 
of elements in Gi-n whose restriction to some open, non-empty interval G converges 
to the identity in the G^-topology on 1^. Thus the only difficulty to derive Theorem A lies in the 
fact that the intervals fo depend on r. To show that these intervals can be chosen in a uniform 
way, we proceed as follows. 

First recall that Gi_Ar contains and element F exhibiting a hyperbolic hxed point. Furthermore 

can be covered by hnitely many intervals Ji,..., Ji such that each interval Ji is equipped with 
a constant (non-zero) vector field Xi in the G^-closure of Gi-n] cf. Theorem 3.4 of |R5] (which, 
in particular, recovers the fact that all orbits of G are dense in S^). By using these constant 
vector fields and the diffeomorphism F, we obtain a sequence Fr of elements in Gi-n satisfying 
the following conditions: 

• The diffeomorphism F^ has an attracting hyperbolic fixed point Pr lying in A. 

• The basin of attraction of Pr with respect to Fr has length greater than a certain 5 > 0 (in 
other words, there is 5 > 0 such that Fr has no other hxed point on a ^-neighborhood of 

Pr). 


Now each interval A can be “re-scaled” by means of Fr so as to have length bounded from 
below by 6. More precisely, hxed r and rir G N, the sequence of elements of Gi_Ar given by 
j I—)■ F”””' o fj (jr o F"’’ clearly converges to the identity in the G”-topology on the interval 
Ir = F~^^{Ir). The above stated conditions on the diheomorphisms F^ then ensure that can 
be chosen so that A = T)r”'’'(A) has length bounded from below by 5 > 0. Up to passing to a 
subsequence, the sequence of intervals {A} must converge to a uniform interval loo satisfying the 
desired conditions. The proof of Theorem 17.11 is completed. □ 

As in Section 4, we consider the sequence of sets S{k) dehned by means of the initial set 
S' = S'(O) = {fi, ..., /jv}- Since the group generated by ..., is not solvable, none of the 
sets S{k) is reduced to the identity diheomorphism. 

We can now prove Proposition 17.21 

Proof of Proposition [7.^ The proof is essentially by induction. First we are going to prove 
that Gi-n is locally G^-non-discrete. To do this, we proceed as follows. Consider a hxed set 
{/^,..., /^} generating a non-solvable group Gi_Ar as before. Assume moreover that for every 
i = 1,..., N, both diheomorphisms and are £-close to the identity in the G^-topology on 
I where the value of e > 0 will be hxed later on. 

As already seen, the group G contains an element F exhibiting a hyperbolic hxed point in 
/. Without loss of generality, we can assume that this hxed point coincides with 0 G / C M. 
Furthermore in suitable coordinates, F becomes a homothety a; h-)- Ax on all of the interval 
J. Still keeping the notation of Section 4, consider the sequence of sets S{k) given by S{k) = 
F~^‘^ o S{k) oF^” for some u G N* hxed. We will show that the diheomorphisms in S{k) converge 
to the identity in the G^-topology on I provided that n is suitably chosen. 

Claim. There is n G N such that every non-trivial sequence {/fc}, with fk G S{k), converges to 
the identity in the G^-topology on J. 
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Proof of the Claim. Fix a sequence {fk} as in the statement. In Section 4 it was seen that these 
elements converge to the identity in the C^-topology. More precisely, we have 

ll7.-id||2,/<^ (21) 

for every diffeomorphism G S{k) and for a suitable hxed n. To show that convergence takes 
place in the C^-topology as well, we hrst estimate the third derivative T*^[/i, / 2 ] of a commutator 
[fi, / 2 ] = /i o /2 o fi^ o / 2 ~^- For this we shall use the fact that /i, /2 and their inverses /f ff^ 
are C^-close to the identity. Recall then that higher order derivatives of a composed function are 
given by Faa di Bruno formula which, in the present case, simply means 

D^h ° / 2 ) = f . ( 22 ) 

Thus, if £ > 0 is sufficiently small, we have 

|F>^(/i o/a) - 1| < 3max{sup|T>^(/i-id)|, sup|T>^(/ 2 -id)|}; 

I I 

D^{fiof2) < 3 max{sup |T>Vi|, sup |T>V2|}; 

I I 

D^{fi°f 2 ) < 3max{sup |T>^/i|, sup |T>^/ 2 |}. 

I 1 

Similar estimates also hold for D^{ff^ o ff^), D'^{ff^ o ff^), and ^ o f^^). Now applying 

again the preceding estimates to (/i o / 2 ) o o ff^), we conclude that 

F’^[/i,/ 2 ] < 10max{sup \D^fi\, sup \D^f 2 \, sup \D^fr^\, sup 120^2"^I} (23) 

III I 

provided that /i, / 2 , and ffi^ are e-close to the identity (for some small e > 0 hxed). From 
Estimate (123|) . we conclude that 

D^F--o[f,J,]oF^) = D%X-C[f,j2]{X-x)) 

< lOA^”max{sup |T*^/i|, sup \D^f 2 \, sup sup iD^ff^]} . 

Ill I 

If n is chosen so that < 1/10, there follows that the third order derivatives of elements in 
5(1) are smaller than the maximum of the third order derivatives of elements in 5(0). This 
procedure can be iterated to higher order commutators by virtue of Estimate fl?I|) so that third 
order derivatives of elements in S{k) actually decay geometrically with k. The claim results at 
once. □ 

The remainder of the proof of Proposition 17.21 is a straightforward induction step. By repeating 
the previous discussion, we just need to prove that a locally C^-non-discrete group is also locally 
C"’+^-non-discrete provided that r > 2. The argument is totally analogous to the one employed 
in the proof of the above claim (the general Faa di Bruno formulas can be used in the context). 
The detail is left to the reader. □ 

• Final comments. We close this paper by pointing out a couple of specihc issues involved in our 
regularization scheme for iterated commutators, as explained above and in Section 4. First, the 
reader will note that the analytic assumption is not needed in order to ensure the corresponding 
diffeomorphisms converge to the identity. The importance of the analytic assumption lies in the 
fact that the sequence of sets S{k) (and hence S{k)) does not degenerate into {id}. As mentioned 
this result is due to Ghys ED and has a formal algebraic nature: it depends on ensuring that a 
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C'°°-diffeomorphism / of coincides with the identity so long there is a point in at which / is 
C'^-tangent to the identity. It would be nice to know whether or not there are finitely generated 
pseudo-solvable, yet non-solvable, groups in Diff°°(S'^). 

Finally note also that our regularization technique falls short of working in the C^-case. There¬ 
fore, even in the analytic category, we have not proved that a locally C^-non-discrete subgroup 
of Diff‘^(S'^) is also locally C°°-non-discrete. Although this statement is very likely to hold, the 
renormalization procedure x ^ Xx used here does not decrease the hrst order derivative of the 
diffeomorphism and this accounts for the special nature of locally C^-non-discrete groups. To 
overcome this difficulty, our iteration scheme must be further elaborated. This can probably 
be done by suitably adding further “take the commutator” steps so as to keep control on the 
growing rate of first order derivatives. 
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